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Structure of the Talk

I Introduction and Motivation
I Some Basic Concepts and ldeas

I A Fixed-Parameter Algorithm foClosest 4-Leaf Power
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De nition

A graphG = (V; Eg) is a k-leaf powerif there is a
treeT =(V [ S;Er) with leaf setV and

8u;v2V:disty - k, f uvg2Eg:

T is called ak-leaf rootof G.
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Leaf Power Recognition / Computing Leaf Roots

k-Leaf Power

Input: A graphG.
Question: Is G a k-leaf power (hasG a k-leaf root)?

Complexity ofk-Leaf Power
I O(jVj+ jEj)fork =2 and k =3
I O(jVj3) for k =4
[N. Nishimura, P. Ragde, D. M. Thilikos,J. Algorithms, 2002]
I unknown fork , 5



A Graph Modi cation Problem
What to do if a given graph has nk-tree root?
1 2 3



A Graph Modi cation Problem
What to do if a given graph has nk-tree root?
1 2 3

1 4 2 5 6 3



A Graph Modi cation Problem
What to do if a given graph has nk-tree root?
1 2 3

4 5 6 4 5 6

1 4 2 5 6 3 1 4 2 5 3 6



A Graph Modi cation Problem

Closest k-Leaf Power (CLP k)

Input: A graphG, a natural number .
Question: Is there ak-leaf powerG° such thatG®and G di®er
by at most™ edges?

Complexity ofClosest k-Leaf Power

I NP-complete fork = 2
[M. Keiviinek and J. Morfivek, Acta Informatica, 1986]

I NP-complete for everk , 3
[M. Dom, J. Guo, F. HA®ner, R. Niedermeied,5th ISAAC, 2004]

I No approximation is known fok , 3.
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Fixed-Parameter Tractability

De nition of Fixed-Parameter Tractability (FPT):
I Problem instance G; )
I Runtimef () ¢ 5j°M

I CLP2 and CLP3 are xed-parameter tractable with respect to
the parameter .
[J. Gramm, J. Guo, F. HA®ner, R. NiedermeieFheory of Computing
Systems 2005]
[M. Dom, J. Guo, F. H&®ner, R. Niedermeief,5th ISAAC, 2004]

I Now we will show xed-parameter tractability with
respect to the number of editing operations ~ for CLP4.



Forbidden Subgraph Characterization

We will make use of a forbidden subgraph characterization:
I Graph property | (\is k-leaf power")
I SetF of forbidden subgraphs
G2

G does not contain any of the subgraphs ki as induced
subgraph



Search Tree Algorithms

Search tree algorithm to transform a grap@ into a |-graph:

f2()

) ()

F Tnite ) “xed-parameter algorithm (running times(*) ¢n°@).



Critical Cliques

A critical cliqgueof a graphG is a cliqueK where the vertices oK
all have the same set of neighbors@nK, andK is maximal
under this property.

[G.-H. Lin, P. E. Kearney, T. Jiang,11th ISAAC, 2000]

ANARA




The Ciritical Cliqgue Graph

Given a graphG. The critical clique graphCC(G) has the critical
cligues ofG as nodes, and two nodes are connected i® the
corresponding critical cliques form a larger cliqueGn




Simpli cation of the Graph

Operate on CCG) instead ofG:

Lemma

There is always an optimal solution that does not delete angesd
within a critical cligue and that deletes or inserts eithdf ar no
edges between two critical cliques.



Forbidden Subgraphs for Leaf Powers

Lemma
If a graph G has a k-leaf root for any k, then G is chordal.

(A graph G is chordal, i® it contains no induced cycle of length at least
four.)

chordal not chordal

Moreover, if a graphG is chordal, then its critical clique graph CGj is
chordal.
However:

I Induced cycles are not the only forbidden subgraphs.

I The set of forbidden subgraphG,, Cs, Cs, ...is not nite.
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Forbidden Subgraphs for 4-Leaf Powers

A graph G is a 4-leaf power i® its critical clique graph G&)(is

an induced subgraph.
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Algorithm for Closest 4-Leaf Power

() xed-parameter search tree algorithm).

2. While there is a \small" induced cycle (length = + 3)
in CC@G):
I delete an edge or
I insert an edge

() xed-parameter search tree algorithm)

3. But: How to destroy \long" induced cycles?



A Closer Look afF -Free Critical Clique Graphs
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Overlappings of  maximal
cliques are very restricted:

Maximal cliques form

' \chains".
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A Closer Look afF -Free Critical Clique Graphs
AN
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Branching for long cycles:

Delete a minimum weight set'
of edges between the \key
points". ..



A Closer Look afF -Free Critical Clique Graphs
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B hing for | les:
ranching for fong cycles ...or delete one of the

(at most seven) red edges
at a \key point".

Delete a minimum weight set'
of edges between the \key
points". ..



Bounding the Number of \Key Points" (1)

Build a \Pseudo Steiner Root'S for the F -free critical clique
graph CCQG):

I distceey(U; V) =1, dists(U;V) - 2.
I The nodes of a cycle i% induce at least one cycle in CGJ.

I Each \key point" in CC@G) corresponds to a node of degree
at least 3 inS.




Bounding the Number of \Key Points" (2)

Theorem

Every graph with minimum vertex degree at least 3 contains a
cycle of length at mose logn + 1.

[Erdds and Pfisa]



Running Time of the Algorithm

Branching of the search tree algorithm:
I 2logn+ 1 \key points"
I Eight possibilities for each \key point"

Running time: (48t0(logn) +24) ¢n°®W = ¢ ¢(" log™) ¢n°®

Theorem
Closest 4-Leaf Power is xed-parameter tractable with
respect to the parameter (number of modi cations).



Open Questions

I Generalization toClosest k-Leaf Power for k > 4:
I Can graphs that have &-leaf root be recognized in
polynomial time?
I Is there a useful characterization by a small set of forbidden
subgraphs?

I Extension to the closely related proble@losest
Phylogenetic  k-th Power ?

I How small can the combinatorial explosion for CLP3, CLP4
and their variants in the parameter (number of
modi cations) be made?



