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Consecutive Ones Property (c.o0.p.) (1)
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A 0/1-matrix has the c.o.p. if its columns can be permuted such
that in each row the ones form a block.



Consecutive Ones Property (c.o0.p.) (2)

The Consecutive Ones Property. ..

I ...expresses \locality" of the input data.
I ...appears in many applications, e.g.

I in railway system optimization
[Ruf, SchAbel, Discrete Optimization, 2004;
Mecke, Wagner, ESA '04]
I bioinformatics
[Christof, Oswald, Reinelt, IPCO '98;
Lu, Hsu, J. Comp. Biology, 2003]

I ...can be recognized in polynomial time
[Booth, Lueker, J. Comput. System Sci., 1976;
Meidanis, Porto, Telles, Discrete Appl. Math., 1998;
Habib, McConnell, Paul, Viennot, Theor. Comput. Sci., 2000,

Hsu, J. Algorithms, 2002; McConnell, SODA '04]

I ...is subject of current research
[Hajiaghayi, Ganjali, Inf. Process. Lett., 2002; Tan, Zhang, ISAAC '04]



Consecutive Ones Property (c.0.p.) (3)

Examples for matricesot having the c.o.p.:

1 1 0 1 1 0 O 1 1 0 0 O
0 1 1 0 1. 1 0 0 1 1 0 O
1 0 1 0 0 1 1 0 01 1 O
1 0 0 1 0 0 0 1 1

1 0 0 0 1

1 1 0 O 11 0 0 0 O
0 1 1 0 0O 01 1 0O
0 1 0 1 0 0 0 0 1 1
1 01 0 1 O

[Tucker, Journal of Combinatorial Theory (B), 1972]
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Generalization|Red Blue Hitting Set:

Given: A 0/1-matrix with red and blue rows and a positive
integerk.

Task: Is there a subset of columns that covers @l rows, such
that the maximum overlap over albblue rows is at mostk?
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Overview of Problem Variants

No Red | Blue | Red+ blue
c.0.p. | c.0.p. | c.0.p. c.0.p.

No restrictions

Const. max. overlagk

Const. # red ones p. col.

Const. # blue ones p. col.

Const. # red ones p. row

Const. # blue ones p. row

Only 2 ones p. row

Const. # bluerows

Only oneblue row
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Red Blue Hitting Set is NP-hard even if

the red rows have the c.o.p.,
the maximum overlak is one,

eachred row contains- 3 ones and
eachbluerow contains- 2 ones, and

each column contains at most oned one and
and two blue ones.
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Approach: Reduction from the NP-complete R-3SAT.

F=(xi_X_X)" (X1_Xo_X3) " (X1 _ X2 _ X3)

Given: A Boolean formula in CNF where
I each clause contains 3 literals,
I each variable appears 3 times, and
| each literal appears 2 times.
Task: Is there a satisfying truth assignment?
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Reduction from R-3SAT:
(X1 X2 X3)(X1_X2_ X3)(X1_ X2 _ X3)
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Reduction from R-3SAT:
(K X B)(X_ X% X)X _ X X3)
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Reduction from R-3SAT:

K x_x3)(x_BGl_ x3)(x1_ % _Xs)

Michael Dom, Univ
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Red Blue Hitting Set is NP-hard even if

the red rows have the c.o.p.,
the maximum overla is two,

eachred row contains- 2 ones and
eachbluerow contains- 3 ones, and

each column contains at most oned one and
and two blue ones.
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Reduction from R-3SAT:
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X1 X1 X2 X2 X3 X3
(X1 _ X2 _ X3) 1 1 1
X1 _%X2_X3) 1 1 1
(X1 _ X2 _ X3) 1 1 1
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Reduction from R-3SAT:

X1 X1 X2 X2 X3 X3
1
1
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(X1 _ X2 _ X3) 1 1 1
(X1 _X_X3) 1 1 1
(X1 _ X2 _ X3) 1 1 1
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Reduction from R-3SAT:
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Overview of Problem Variants

No restrictions

Const. max. overlagk
Const. # red ones p. col.
Const. # blue ones p. col.
Const. # red ones p. row
Const. # blue ones p. row
Only 2 ones p. row
Const. # bluerows

Only oneblue row

M N: NP-hard @@ [Kuhnetal, COCOON '05)
BE: inP
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Red Blue Hitting Set is in P if
I all rows have the c.o0.p. and
I the maximum overlagk is constant.
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Approach: Dynamic programming.

(C,5): Minimal solutions for
covering rows A...C
with columns from 1...5

123456 7 8 123456 7 8
P —) A
B e — B
C 44— C O
D 41 D
S
I S |
41
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"8 Polynomial Time Algorithm (2)

Approach: Dynamic programming.

(C,5): Minimal solutions for
covering rows A...C
with columns from 1...5
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1 23 44X 6 7 8 1 23 456 7 8
A|IT—1-1 A
B 131 B
C 1 C —)
D s i D

111 Computing the solutions of eld :

1111
Part 1:
=11 Solutionsnot containing
—1+ column 5
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1) Polynomial Time Algorithm (2)

Approach: Dynamic programming.
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1 2 3 4 6 7 8
11
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(C,5): Minimal solutions for
covering rows A...C
with columns from 1...5

1 23 456 7 8

OO0 w>»

Computing the solutions of eld :

Part 2:
Solutions containing
column 5
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Approach: Dynamic programming.

(C,5): Minimal solutions for
covering rows A...C
with columns from 1...5

[N

1 23 456 7 8 1 23 456 7 8
A|IT—1-1 A
B 131 B
C 1 C O
D 11 D
111 Number of solutions in each eld:
1111 .
2 Store only \non-dominated" sol's.
=11 2 Eachbluerow has overlap k.
44| ) (# blueones per columr).




Open questions
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