Originally published in Proc. 2nd FAW, volume 5059 of LNCS, pages 288-299. Springer, 2008.

The Parameterized Complexity of the Rectangle
Stabbing Problem and its Variants?

Michael Dom? and Somnath Sikdar?

1 Institut fur Informatik, Friedrich-Schiller-Universitat Jena,
Ernst-Abbe-Platz 2, D-07743 Jena, Germany
dom@minet.uni-jena.de
2 The Institute of Mathematical Sciences,

C.I.T Campus, Taramani, Chennai 600113, India
somnath@imsc.res.in

Abstract. We study an NP-complete geometric covering problem called
d-DIMENSIONAL RECTANGLE STABBING, Where, given a set of axis-parallel
d-dimensional hyperrectangles, a set of axis-parallel (d 1)-dimensional
hyperplanes and a positive integer k, the question is whether one can
select at most k of the hyperplanes such that every hyperrectangle is
intersected by at least one of these hyperplanes. This problem is well-
studied from the approximation point of view, while its parameterized
complexity remained unexplored so far. Here we show, by giving a non-
trivial reduction from a problem called MuLTICOLORED CLIQUE, that
ford 3 the problem is W[1]-hard with respect to the parameter k. For
the case d = 2, whose parameterized complexity is still open, we con-
sider several natural restrictions and show them to be xed-parameter
tractable.

1 Introduction

A geometric covering problem, in the broadest sense, consists of a set of geometric
objects and a set of \resources"; the goal is to nd a small set of resources
that \covers" all objects. Geometric covering problems arise in many practical
applications and are subject of intensive research (see [6,7,11]). In this paper
we consider a geometric covering problem known as d-DIMENSIONAL RECTAN-
GLE STABBING. Here, the input consists of a set R of axis-parallel d-dimensional
hyperrectangles, a set L of axis-parallel (d 1)-dimensional hyperplanes, and a
positive integer k; the question is whether there is a set L L with jL% k
such that every hyperrectangle from R is intersected by at least one hyperplane
from L. In the special case of d = 2, the set R consists of axis-parallel rectangles
in the plane, and L consists of vertical and horizontal lines. In the polynomial-
time approximation setting, the optimization version of d-DIMENSIONAL REC-
TANGLE STABBING is considered, which asks for a minimum-cardinality set L°

L to cover all rectangles from R.
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The literature provides a bunch of results concerning the approximability
of d-DIMENSIONAL RECTANGLE STABBING. Hassin and Megiddo [8] described
a factor-d2¢ 1 approximation algorithm for the problem variant where L con-
sists of lines instead of hyperplanes and all hyperrectangles in R are identical.
Gaur et al. [6] gave a factor-2 approximation algorithm for the case d = 2 and
extended this result to the problem d-DIMENSIONAL RECTANGLE STABBING,
for which they provided a factor-d approximation algorithm. Moreover, Mecke
et al. [12] gave a factor-d approximation algorithm for a problem called d-C1P-
SET COVER, Which is a generalization of d-DIMENSIONAL RECTANGLE STAB-
BING. The restricted version of 2-DIMENSIONAL RECTANGLE STABBING where
for every rectangle the number of horizontal lines intersecting it is bounded from
above by one is known as INTERVAL STABBING. This problem was considered by
Kovaleva and Spieksma [9, 10], leading to constant-factor approximation algo-
rithms for several variants of the problem. Hassin and Megiddo [8] gave approx-
imation algorithms for the more general variant of INTERVAL STABBING where
for every rectangle the number of horizontal lines or the number of vertical lines
intersecting it is bounded from above by one. Weighted and capacitated versions
of 2-DIMENSIONAL RECTANGLE STABBING have been considered by Even et
al. [2].

Here, we consider d-DIMENSIONAL RECTANGLE STABBING from the view-
point of parameterized complexity. More speci cally, we investigate whether d-
DIMENSIONAL RECTANGLE STABBING is Xed-parameter tractable with respect
to the parameter \solution size" k, that is, if there exists an algorithm running
in O(f(k) jR [ Lj°M) time with ¥ depending only on k. On the one hand, we
show in Section 3 that for d 3 the problem is W[1]-hard with respect to the
parameter k, meaning that it is unlikely that there exists such an algorithm.
On the other hand, in Section 4 we consider several natural restrictions of the
case d = 2 and show them to be xed-parameter tractable. The parameterized
complexity for the case d = 2 without further restrictions remains open.

Due to lack of space, some proofs are omitted.

2 Preliminaries

A parameterized problem is a subset of , Wwhere is a nite alphabet
and is the set of natural numbers. An instance of a parameterized problem
is, therefore, a pair (I; k), where k is called the parameter. In the framework of
parameterized complexity [1, 5, 13], the running time of an algorithm is viewed as
a function of two quantities: the size of the problem instance and the parameter.
A parameterized problem is said to be xed parameter tractable (FPT) with
respect to the parameter k if there exists an algorithm for the problem running
in £(k) j1j°M time, where f is a computable function only depending on k.
A common tool in the development of xed-parameter algorithms is to use
a set of data reduction rules to obtain what is called a problem kernel. A data
reduction rule is a polynomial-time algorithm which takes as input a problem
instance (I;k) and outputs an instance (1% k% such that j1%  jlj, k® Kk,
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and (1% k%) is a vEs-instances i (I;Kk) is a vEs-instance. An instance to which
none of a given set of data reduction rules applies is called reduced with respect
to these rules. A reduced instance (1% k®) is called a problem kernel if its size is
bounded from above by a function f depending only on k. If a parameterized
problem has a kernel, then it is clearly xed-parameter tractable.

A parameterized problem ; is xed-parameter reducible to a parameterized
problem 5 if there are two computable functions f;g : Ll and an algo-
rithm  which transforms an instance (I;k) of 1 into an instance (1°; f(k)) of »
in g(k) j1j°® time such that (1°;f(k)) is a vEs-instance for » i (I;Kk) is a
YEs-instance for ;. The basic complexity class for xed-parameter intractabil-
ity is W[1], as there is strong evidence that W{1]-hard problems are not xed-
parameter tractable [1,5,13]. To show that a problem is W [1]-hard, one needs
to exhibit a xed-parameter reduction from a known W [1]-hard problem to the
problem at hand.

A graph G = (V;E) is called k-colorable if there is a function ¢ : V I

proper vertex k-coloring for G.

To achieve our hardness result, we consider d-DIMENSIONAL RECTANGLE
STABBING as a covering problem on binary matrices, which is a restriction of
the following, very general matrix problem:

Set Cover?®

Given: A binary matrix M and a positive integer k.

Question: Is there a set of at most k columns of M such that the submatrix M°
of M that is induced by these columns has at least one 1 in every row?

To de ne restricted versions of SET COVER, we need the following de nitions.

De nition 1 1. Given a binary matrix M, a block of 1s in a row of M is a
maximal set of consecutive 1-entries in this row.

2. A binary matrix M has the d-consecutive ones property (d-C1P) if every row
of M has at most d blocks of 1s.

3. A binary matrix M with columns c3;:::;cn has the separated d-consecutive
ones property (d-SC1P) if the columns of M can be partitioned into d sets
of consecutive columns C! = fcy;:::;¢j,9, C? = fej,41;:::5Cj,0, ..., CI =

induced by C' has at most one block of 1s per row.

If SET COVER is restricted by demanding that the input matrix M must have
the d-C1P, then we call the resulting problem d-C1P-SET COVER,; if M must
have the d-SC1P, then we call the resulting problem d-SC1P-SET COVER.

Observation 1 The problems d-DIMENSIONAL RECTANGLE STABBING and d-
SC1P-SET COVER are equivalent: There is a polynomial-time computable one-
to-one mapping between instances of d-DIMENSIONAL RECTANGLE STABBING

3 The equivalence of this de nition and the more common de nition of SET COVER
as a subset selection problem can easily be seen by identifying columns with subsets
and rows with elements to be covered.
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and instances of d-SC1P-SeET COVER that does not change the value of k and
that maps vEs-instances to YEs-instances and No-instances to NoO-instances.

This observation is easy to see ] the ith dimension in a d-DIMENSIONAL REC-
TANGLE STABBING instance can be represented by the column set C' in a d-
SC1P-SET COVER instance and vice versa.

For some of our FPT algorithms, we make use of the following well-known
fact: Given a set of axis-parallel rectangles and a set of vertical (horizontal) lines,
the task of nding a minimum-cardinality subset of these vertical (horizontal)
lines that intersects all rectangles is polynomial-time solvable*: Order the rect-
angles with respect to their right (bottom) end. Then, repeatedly take the rst
rectangle r in this order, include the rightmost vertical (bottommost horizontal)
line | that intersects r into the solution, and delete all rectangles intersected by I,
until all rectangles are deleted. The solution obtained is a minimum-size set of
vertical (horizontal) lines that are required to intersect all rectangles. Moreover,
all rectangles r together that are selected by the algorithm form a \certi cate"
in the sense that they cannot be intersected by a set of vertical (horizontal) lines
that is smaller than the solution found by the algorithm. The pseudocode of this
algorithm is displayed in Fig. 2.

3 WI[1]-Hardness Proof for d-Dimensional Rectangle
Stabbing withd 3

In this section we prove that d-DIMENSIONAL RECTANGLE STABBING with pa-
rameter k is W[1]-hard for every d 3. To this end, we exhibita xed-parameter
reduction from MuULTICOLORED CLIQUE, which is de ned as follows, to 3-SC1P-
SET COVER.

Multicolored Clique
Given: An undirected k-colorable graph G = (V; E), a positive integer k, and a

Question: Is there a size-k clique in G?

MurTticoLORED CLIQUE is W[1]-complete with respect to the parameter k [4].
Using the \k-MuLTICOLORED CLIQUE reduction technique' designed by Fellows
et al. [4], a xed-parameter reduction from MULTICOLORED CLIQUE to 3-C1P-
SET COVER can be found in a rather straightforward way [3], which proves the
WI([1]-hardness of the latter problem. However, the W[1]-hardness of 3-SC1P-
SET COVER is more di cult to prove because of the more restricted nature of
this problem.

The basic scheme of the reduction. The basic scheme of our reduction follows
the technique described by Fellows et al. [4]. The key idea is to use an alter-
native, equivalent formulation of MuLTICOLORED CLIQUE: Given an undirected
k-colorable graph G = (V; E), a positive integer k, and a proper vertex k-coloring

4 This problem is equivalent to CLIQUE COVER on interval graphs.
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c:V ¥ fl;:iikgfor G, ndaset E? E with jE'j = ¥ andasetV® Vv
with jV’j = k that satisfy the following constraints:

1. For every unordered pair fa;bg of colors from f1;:::;kg, the edge set E°

color.
3. If E? contains an edge fu;vg, then V! contains the vertices u and v.

Given an instance (G;k;c) of MuLTICOLORED CLIQUE, We construct an
equivalent instance (M; k%) of 3-SC1P-SET CoVER based on this alternative for-
mulation. To this end, de ne the color of an edge fu;vg, denoted with d(fu; vg),

c(vg,) = ¢(vg,) it holds that 8qz 2 fgqs + 1;:::502 19 : c(Vgs) = C(Vg,) = C(Vg,).

The idea of the reduction is that every column of M corresponds to an edge or
a vertex of the given graph G; the rows of M are constructed in such a way that
any column subset of M that is a solution for 3-SC1P-SeT CovER on (M; k")
corresponds to a solution (E% V") for MuLTiCOLORED CLIQUE on (G;k;c). To
this end, the rows of M must enforce that the three constraints for MuLTICOL-
ORED CLIQUE mentioned above are satis ed. In order to obtain a matrix that
has the 3-SC1P, we need not only one, but two columns in M for every edge e
in G. Hence an instance (G;k;c) of MuLTICOLORED CLIQUE is mapped to an
instance (M; k%), where k? = 2 '; + k. We next describe the construction of M.

The columns of M. The matrix M has 2 JEj + jV ] columns, partitioned into

The rows of M. The rows of M have to ensure that every solution for 3-SC1P-
SET CoVER on (M;k? = 2 '; + K) corresponds to a subset of edges and
vertices of G satisfying the three constraints mentioned above. Because there
are two columns in M for every edge in G, we need four types of rows: Rows of
Type 1 and 2 ensure that any set of k? columns that forms a solution for 3-SC1P-
SET COVER contains exactly '; columns from C?* | one of each edge color |,

'; columns from C? ] one of each edge color ]|, and k columns from C2 J one of
each vertex color. Type 3 rows ensure that the columns chosen from C! and C?
are consistent: if a solution contains the column cj1 then it must contain cj2 and
vice versa. Finally, Type 4 rows ensure that if a solution contains a column c}
corresponding to an edge fu; vg then it also contains the columns corresponding
to the vertices u and v. See Fig. 1 for an illustration of the following construction

details.
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ct c? c3
N
A A
a .| fred; blueg, .. \ / .| fred;blueg, .. \ ( . red ... blue N
clegckckcs | ] cg B .. |3 cE... [cScgcd...
r:;red:blueg;c1 1111
rired;blueg;c2 1111
Med 11
r2iue 111
r?red;blueg;l l 1 1 1
r-:13‘red:blueg;2 1 1 1 1
r2red;blueg;3 111 1
r?red:bluegm 1 1 1 l
r?‘red;blueg;s 1 1 1 1
rf’red:blueg;s 1 1 1 1
v, 1 11 1
r 1 11 1

Fig. 1. Example for the construction of M. We assume that in G there are exactly
two red vertices v2; vz and exactly three blue vertices v7; vs; ve, among vertices of other
colors. Moreover, the only edges between red and blue vertices are es;es; es; €7 with
es = fvz;vsg. Hence, rst(fred; blueg) = 4.

Type 1 rows. For every edge color fa;bg, add two rows rg,,..c: and rg, .
to M. For i = 1;2, the row rg, i hasa 1in every column ¢} 2 C' with d(ej) =
fa; bg, and Os in all other columns.

has a 1 in every column 013 2 C3 with ¢(vj) = a, and Os in all other columns.
Type 3 rows. For every edge color fa;bg, de ne Egypg := fe 2 E j d(e) =
fa;bgg and rst(fa;bg) := minfp 2 f1;:::;jEjg j d(ep) = fa;bgg. Now, for

2 (iEfapgi 1) Arow rg o with i 2 10 jEapg] 19, hasalin
{ every column ¢j 2 C* with d(ej) = fa;bg and j < rst(fa;bg) + i and
{ every column ¢ 2 C? with d(ej) = fa;bg and j rst(fa; bg) + i,

and 0s in all other columns. A row rﬁa;bg;i with i 2 fjEfa;ngl; 1032 ((Efapg) 19
hasalin
{ every column ¢} 2 C* with d(ej) = fa; bg and j rst(fa;bg)+i  (iEfangi
1) and
{ every column cf 2 C2 with d(ej) = fa;bgand j < rst(fa;bg)+i (iEagi
1),

and Os in all other columns.
Type 4 rows. For every edge e, = fvg,;vq,9 2 E, add two rows rg‘p;vql

and rg ., toM.Fori=1;2 therowrd . hasalin
{ every column ¢j 2 C* with d(ej) = d(ep) and j <p,
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{ every column ¢ 2 C? with d(ej) = d(ep) and j > p, and
{ the column ¢}, 2 C3,
and Os in all other columns.

Lemma 1. Let (G;k;c) be an instance of MuLTICOLORED CLIQUE and let
(M; K% be the instance of 3-SC1P-SeET COVER obtained by the above con-
struction. Then G contains a clique of size k if and only if there exists a set

of =2 '; + k columns in M that hits a 1 in every row.

Theorem 1. Foreveryd 3, d-DIMENSIONAL RECTANGLE STABBING is W[1]-
hard with respect to the parameter k.

By adding some additional columns to the above construction, we get the
following result.

Theorem 2. For every d 3, the restricted variant of d-DIMENSIONAL REC-
TANGLE STABBING Where every hyperrectangle in R is a hypercube is W([1]-hard
with respect to the parameter k.

With a similar reduction we can also show the W/[1]-hardness of the following
problem: Given a set R of axis-parallel d-dimensional hyperrectangles, a set L
of axis-parallel lines, and a positive integer k, is there aset L' L with jL% k
such that every hyperrectangle from R is intersected by at least one line from L°?

Theorem 3. For d 3, the problem of stabbing axis-parallel d-dimensional
hyperrectangles with k axis-parallel lines is W[1]-hard with respect to the param-
eter k.

4 FPT Algorithms for Restrictions of 2-Dimensional
Rectangle Stabbing

In the previous section we have shown that d-DIMENSIONAL RECTANGLE STAB-
BING with parameter k is W[1]-hard for d 3. However, the parameterized
complexity of 2-DIMENSIONAL RECTANGLE STABBING, Where a set R of axis-
parallel rectangles has to be stabbed with at most k lines chosen from a given
set L of vertical and horizontal lines, is still open. In this section we consider
some natural restrictions of this problem and show them to be xed-parameter
tractable.

For an instance (R; L; k) of 2-DIMENSIONAL RECTANGLE STABBING, let L =

tom. For a rectangle r 2 R, let Ix(r); rx(r); tx(r); bx(r) be the index of the
leftmost, rightmost, topmost and bottommost line intersecting r. De ne the
width wh(r) ;= rx(r) Ix(r) +1 and the height ht(r) := bx(r) tx(r)+1 as the
number of vertical and horizontal lines, respectively, intersecting r.

We start with some well-known data reduction rules for 2-DIMENSIONAL
RECTANGLE STABBING, Whose correctness is obvious.
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1. If there is a rectangle that is intersected by no line from L, then the given
instance is a NO-instance.

2. If there is a rectangle that is intersected by exactly one line | 2 L, then delete
all rectangles that are intersected by I, delete I, and decrease k by one.

3. If there are two lines I1; 1, 2 L such that every rectangle in R that is inter-
sected by I, is also intersected by |1, then delete I,.

4. If there are two rectangles ri;r, 2 R such that every line in L that inter-
sects ry also intersects r,, then delete r».

The following observation is an immediate consequence of data reduction
rule 3.

Observation 2 In a reduced problem instance, for every vertical line vj 2 V
there exist rectangles r; r’ 2 R with Ix(r) = j and rx(r’) = j. For every horizontal
line h; 2 H there exist rectangles r; r’ 2 R with tx(r) =i and bx(r’) = i.

In particular, Observation 2 implies that in a reduced problem instance there
exist rectangles r; r’ 2 R such that wh(r) = 1 and ht(r®) = 1.

4.1 Case 1: Rectangles Have Bounded Height

We rst consider the case where the height of every rectangle in R is bounded by
a number b. Even the case b = 1 where every rectangle is a horizontal segment
is NP-complete; Hassin and Megiddo [8] and Kovaleva and Spieksma [9, 10] gave
approximation algorithms for this case and some of its variants.

For our FPT considerations, we use a simple search-tree algorithm using
Observation 2. At every step, apply the data reduction rules until the current
instance is reduced, search for a rectangle r with rx(r) = 1, and branch as
follows: either select the single vertical line that intersects r or select one of the
at most b horizontal lines that intersect r.

Theorem 4. The restricted variant of 2-DIMENSIONAL RECTANGLE STABBING
where the height ht(r) of every rectangle r 2 R is bounded from above by a
number b can be solved in O((b + 1)% n°MW) time.

The algorithm described above can be modi ed to solve also the weighted
version of the problem, where every line has a weight that is bounded from below
by 1 and from above by a number b’. The data reduction rules need modi cation
for this problem version; the running time of the algorithm is O((b+b%)* n®MW),

4.2 Case 2: Rectangles Have Bounded Width or Height

Next, we consider a generalization of Case 1: Here, for every rectangle r in R
the width wh(r) or the height ht(r) is bounded from above by a number b.
Clearly, even the case b = 1, where every rectangle is either a horizontal or a
vertical segment, is NP-complete; this case was already considered by Hassin
and Megiddo [8] from the approximation point of view.
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1 function greedy(R; L; k)
// Input:  R: a set of rectangles,

// L: a set of lines that are either all vertical or all horizontal,

// k: a nonnegative integer.

// Output: Either L° L orR® R.

// If all rectangles from R can be stabbed with a set L° of at most k lines

// from L, then such a set L’ is returned.

// Otherwise, a set R® of k + 1 rectangles from R is returned that cannot be

// stabbed with at most Kk lines from L.

R :=R; RO:=; L':=3;

while R' & ;:
if L contains only vertical lines: F r := a rectangle from R with minimum rx(r); 1:= Vix(r); 9
else ¥ r := a rectangle from R® with minimum bx(r); |:= Npxry: 9

RO :=RO [frg; L':=L°[flg;
delete all rectangles from R that are intersected by I;
if jRj = k + 1: return R?; g

return LY, g

O©CoO~N® O hwWwN

Fig. 2. Greedy algorithm for stabbing a set R of rectangles with at most k lines chosen
from a given set L of vertical lines or horizontal lines.

The approach outlined in Section 4.1 does not work anymore since in a re-
duced instance the height of every rectangle r with rx(r) = 1 may be unbounded.
However, there is again a search-tree algorithm. Let R, R be the set of rectan-
gles with bounded height and let R, R be the set of rectangles with bounded
width. Now, we write k as a sum kn + k, in all possible ways, where k;, and ki,
denote the number of horizontal and vertical lines, respectively, allowed to be
chosen into the solution. For every splitting of k into kn, and ky, we run a branch-
ing algorithm, which performs in every step the following actions.

First, compute the minimum number of vertical lines required to intersect
the rectangles in Ryn. This is polynomial-time doable, and the simple greedy
algorithm in Fig. 2 obtains such a set of vertical lines. If R, cannot be stabbed
with a set of at most k, vertical lines, then the algorithm in Fig. 2 outputs
a set Rﬂ Rp of size ky, + 1 such that the optimum number of vertical lines
needed to intersect all rectangles in R is exactly ky + 1. Any solution for 2-Di1-
MENSIONAL RECTANGLE STABBING on (R; L; k) consisting of at most k,, vertical
and at most k, horizontal lines must intersect at least one rectangle in RY by a
horizontal line. Hence, branch on the (ky + 1) b possibilities to do so.

If, however, all rectangles in Ry can be intersected with k, vertical lines, we
use the greedy algorithm to check whether the rectangles in R, can be intersected
with kp horizontal lines. If not, we branch on (kn +1) b possibilities in analogy
to the branching for RY described above; otherwise, we return the union of the
solutions returned by the two calls to the greedy algorithm. Fig. 3 shows a
pseudocode for this algorithm. The branching number is at most bk, which leads
to the following theorem.

Theorem 5. The restricted variant of 2-DIMENSIONAL RECTANGLE STABBING
where the width or the height of every rectangle in R is bounded from above by
a number b can be solved in O((bk)k n°M) time.
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1 function stab(Rn; Rv; H;V; kn; ky) F
// Input:  Rp: a set of rectangles with bounded height,

// Ry : a set of rectangles with bounded width,

// H; V : a set of horizontal lines and a set of vertical lines,

// kn; ky: nonnegative integers.

// Output: A subset of H [V containing  kp, lines from H and  ky lines from V
// that stabs all rectangles from R [ Ry, or null, if no such subset exists.

2 if greedy(Rn; V; ky) returns a set RE, Rp of rectangles:

3 if kp, = 0: return null;

4 for evera/ rectangle r 2 R?,: for every line h 2 H that intersects r:
5 R), := RannRnh(h); R? :=RynRy(h); H®:=Hnfhg;
6 A= stab(RY; R HYS Vikn 1 ky);

7 if A6 null: return A [ fhg; g

8 return null; g

9 if greedy(Ry; H; ki) returns a set RS Ry of rectangles:

10 if ky = 0: return null;

11 for evera/ rectangle r 2 R?,: for every line v 2 V that intersects r:
12 R}, :=RnnRh(V); R, :=RynRy(v); V":=V nfvg;
13 A= stab(R); RY; H; Vo knr ke 1);

14 if A6 null: return A[fvg; ¢

15 return null; CDJ
16

return the union V° [ H® of the solutions returned by the two calls (lines 2 and 9) of greedy(); g

Fig. 3. Branching algorithm for stabbing a set Ry [ Rn of rectangles with at most ky
lines chosen from a given set V of vertical lines and at most k, lines chosen from a
given set H of horizontal lines. For a line |, we denote with Rn(l) and Ry (l) the set of
all rectangles in Rn and Ry, respectively, that are intersected by I.

4.3 Case 3: Bounded Intersection

In this subsection we consider a restriction of 2-DIMENSIONAL RECTANGLE
STABBING in which every horizontal line intersects at most b rectangles from R;
this restriction was already considered by Kovaleva and Spieksma [9, 10] from the
approximation point of view. For b = 1, this problem is clearly polynomial-time
solvable since the horizontal lines can just be ignored. For b = 2 the problem is
NP-complete, but one can easily nd an O(kX n®M)-time branching algorithm.
However, this algorithm cannot be generalized for the case b 3. In this subsec-
tion, we show that this restriction of 2-DIMENSIONAL RECTANGLE STABBING iS
xed-parameter tractable with respect to the combined parameters k and b by
developing a problem kernel.
First, in addition to the previously mentioned data reduction rules, we use
the following data reduction rule:

tersects ryk+2, then delete rpx+o.

The correctness of this data reduction rule follows from the fact that k hori-

the original instance, which, therefore, is also a YEs-instance.
The following two observations are immediate consequences of data reduction
rule 5.
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Observation 3 For every rectangle r in a reduced instance there are at most bk
rectangles r’ & r with Ix(r’) Ix(r) and rx(r’)  rx(r).

bk + 1 rectangles r with Ix(r) = j.

Lemma 2. For every rectangle r 2 R in a reduced instance it holds that rx(r)
(bk + 1) Ix(r).

Proof. By induction on Ix(r). Details are omitted due to lack of space. o

Lemma 3. In a reduced instance, for every j 2 f1;:::;n 1g there is a rect-
angle r 2 R with Ix(r) >j and rx(r) (bk+1) j+1.

Proof. Assume for the sake of contradiction that there exists j 2 f1;:::;n 19
such that for every rectangle r 2 R with Ix(r) > j it holds that rx(r) > (bk +
1) j + 1. Consider a rectangle r’ with rx(r’) = (bk + 1) j + 1. Such a rectangle
exists by Observation 2. Then it holds that Ix(r')  j due to our assumption.
But by Lemma 2 we have rx(r’) (bk +1) j, a contradiction. o

Corollary 1. Letq n, and let fvj,;vj,;::0vj,0  V with j; <jo <:ii<]q
be a set of vertical lines stabbing all rectangles from R in a reduced instance.
Then for every i 2 f1;:::;qg it holds that j; ((bk +1)" 1)=bk.

Proof. By induction on i. For i = 1, the statement holds because in any reduced
instance there is a rectangle r with Ix(r) = rx(r) = 1. Assume that the statement
holds for i 1, thatis, j; 1 ((bk +1)' T 1)=bk. By Lemma 3, there is a
rectangle r 2 R with Ix(r) > j; 1 and rx(r) (bk +1) j; 1 + 1. Clearly this

ji omx(r) (bk+1) ji 1+1 (bk+1)  1)=bk. u

Observation 5 If an instance of the restricted variant of 2-DIMENSIONAL REC-
TANGLE STABBING is a YES-instance, then there is a set V! V of at most bk
vertical lines that intersect all rectangles in R.

Proof. Replace every horizontal line h in an optimal solution by at most b vertical
lines that intersect the rectangles intersected by h. o

Theorem 6. The restricted variant of 2-DIMENSIONAL RECTANGLE STABBING
where every horizontal line intersects at most b rectangles has a problem kernel
of size O((bk + 1)°) and is therefore xed-parameter tractable with respect to
the combined parameters k and b.

Proof. Given an instance of this restricted version, rst nd the optimal num-
ber of vertical lines needed to intersect all rectangles. As noted before, this is
polynomial-time doable. If the optimal solution size is greater than bk, report
that the given instance is a No-instance. Otherwise, by Corollary 1, we know
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has jox  ((bk + 1)°<  1)=bk. If the given instance is a vEs-instance, then R

ever, there are at most bk + 1 rectangles r with Ix(r) = j due to Observation 4.
Hence, if R contains more than O((bk + 1)°) rectangles, report that the given
instance is a No-instance. o

5 Open Questions

We have shown that d-DIMENSIONAL RECTANGLE STABBING withd 3 is W[1]-
hard. However, the parameterized complexity of the perhaps most interesting
case d = 2 remains open, as well as that of 2-C1P-SET CoVER. Even for the
restriction of 2-DIMENSIONAL RECTANGLE STABBING Where no two rectangles
from R \overlap™ (two rectangles ry;r, overlap if there exist a vertical line v
and a horizontal line h that both intersect r; and ry) we do not know the
parameterized complexity.
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