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Abstract. We develop a reflnement of a forbidden submatrix character-
ization of 0/1-matrices fulfllling the Consecutive Ones Property (C1P).
This novel characterization flnds applications in new polynomial-time ap-
proximation algorithms and flxed-parameter tractability results for the
problem to flnd a maximum-size submatrix of a 0/1-matrix such that
the submatrix has the C1P. Moreover, we achieve a problem kerneliza-
tion based on simple data reduction rules and provide several search tree
algorithms. Finally, we derive inapproximability results.

1 Introduction

A 0=1-matrix has the Consecutive Ones Property (C1P) if there is a permutation
of its columns, that is, a flnite series of column swappings, that places the 1’s
consecutive in every row1. The C1P of matrices has a long history and it plays
an important role in applications from computational biology and combinatorial
optimization. It is well-known that it can be decided in linear time whether
a given 0=1-matrix has the C1P, and, if so, also a corresponding permutation
can be found in linear time [1, 6, 10, 11, 14]. Moreover, McConnell [13] recently
described a certifying algorithm for the C1P.

Often one will flnd that a given matrix M does not have the C1P. Hence, it
is a natural and practically important problem to flnd a submatrix of M with
maximum size that has the C1P [5, 8, 16]. Unfortunately, even for sparse matrices
with few 1-entries this quickly turns into an NP-hard problem [8, 16]. In this
paper, we further explore the algorithmic complexity of this problem, providing
new polynomial-time approximability and inapproximability and parameterized
complexity results. To this end, our main technical result is a structural theorem,
dealing with the selection of particularly useful forbidden submatrices. Before
we describe our results concerning algorithms and complexity in more detail, we
introduce some notation.

We call a matrix that results from deleting some rows and columns from a
given matrix M a submatrix of M . Then the decision version of the problem we
study here is deflned as follows:

? Supported by the Deutsche Forschungsgemeinschaft (DFG), Emmy Noether research
group PIAF (flxed-parameter algorithms), NI 369/4.

1 It can be deflned symmetrically for columns; we focus on rows here.
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Consecutive Ones Submatrix (COS)
Input: An m £ n 0=1-matrix M and a nonnegative integer n0 • n.
Question: Is there an m £ n0 submatrix of M that has the C1P?

We study two optimization versions of the decision problem: The minimiza-
tion version of COS, denoted by Min-COS, asks for a minimum-size set of
columns whose removal transforms M into a matrix having the C1P. The max-
imization version of COS, denoted by Max-COS, asks for the maximum num-
ber n0 such that there is an m £ n0 submatrix of M having the C1P.

Whereas an m£n matrix is a matrix having m rows and n columns, the term
(x; y)-matrix will be used to denote a matrix that has at most x 1’s in a column
and at most y 1’s in a row. (This notation was used in [8, 16].) With x = ⁄
or y = ⁄, we indicate that there is no upper bound on the number of 1’s in
columns or in rows.

Hajiaghayi [7] observed that in Garey and Johnson’s monograph [5] the ref-
erence for the NP-hardness proof of COS is not correct. Then, COS has been
shown NP-hard for (2; 4)-matrices by Hajiaghayi and Ganjali [8]. Tan and Zhang
showed that for (2; 3)- or (3; 2)-matrices this problem remains NP-hard [16]. COS

is trivially solvable in O(m ¢ n) time for (2; 2)-matrices.

Tan and Zhang [16] provided polynomial-time approximability results for
the sparsest NP-hard cases of Max-COS, that is, for (2; 3)- and (3; 2)-matrices:
Restricted to (3; 2)-matrices, Max-COS can be approximated within a factor
of 0:5. For (2; ⁄)-matrices, it is approximable within a factor of 0:5; for (2; 3)-
matrices, the approximation factor is 0:8.

Let d denote the number of columns we delete from the matrix M to get
a submatrix M 0 having the C1P. Besides brie°y indicating the computational
hardness (approximation and parameterized) of Max-COS and Min-COS on
(⁄; 2)-matrices, we show the following main results.

1. For (⁄; ¢)-matrices with any constant ¢ ‚ 2, Min-COS is approximable
within a factor of (¢ + 2), and it is flxed-parameter tractable with respect to d.
In particular, this implies a polynomial-time factor-4 approximation algorithm
for Min-COS for (⁄; 2)-matrices. Factor-4 seems to be the best factor one can
currently hope for, because a factor-– approximation for Min-COS restricted
to (⁄; 2)-matrices will imply a factor-–=2 approximation for Vertex Cover. It
is commonly conjectured that Vertex Cover is not polynomial-time approx-
imable within a factor of 2 ¡ †, for any constant † > 0, unless P=NP [12].

2. For (⁄; 2)-matrices, Min-COS admits a data reduction to a problem kernel
consisting of O(d2) columns and rows.

3. For Min-COS on (2; ⁄)-matrices, we give a factor-6 polynomial-time ap-
proximation algorithm and a flxed-parameter algorithm with a running time
of O(6d ¢ minfm4n; mn6g).

Due to the lack of space, several proofs are deferred to the full version of the
paper.
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2 Preliminaries

Parameterized complexity is a two-dimensional framework for studying the com-
putational complexity of problems [3, 4, 15]. One dimension is the input size n
(as in classical complexity theory) and the other one the parameter d (usually
a positive integer). A problem is called flxed-parameter tractable (fpt) if it can
be solved in f(d) ¢ nO(1) time, where f is a computable function only depending
on d. A core tool in the development of flxed-parameter algorithms is polynomial-
time preprocessing by data reduction rules, often yielding a reduction to a prob-
lem kernel (kernelization). Here the goal is, given any problem instance x with
parameter d, to transform it into a new instance x0 with parameter d0 such
that the size of x0 is bounded from above by some function only depending
on d, the instance (x; d) has a solution ifi (x0; d0) has a solution, and d0 • d. A
mathematical framework to show flxed-parameter intractability was developed
by Downey and Fellows [3] who introduced the concept of parameterized reduc-
tions. A parameterized reduction from a parameterized language L to another
parameterized language L0 is a function that, given an instance (x; d), computes
in time f(d) ¢ nO(1) an instance (x0; d0) (with d0 only depending on d) such that
(x; d) 2 L , (x0; d0) 2 L0. The basic complexity class for flxed-parameter in-
tractability is W[1] as there is good reason to believe that W[1]-hard problems
are not flxed-parameter tractable [3, 4, 15].

We only consider 0=1-matrices M = (mi;j), that is, matrices containing
only 0’s and 1’s. We use the term line of a matrix M to denote a row or column
of M . A column of M that contains only 0-entries is called a 0-column. Two
matrices M and M 0 are called isomorphic if M 0 is a permutation of the rows
and columns of M . Complementing a line ‘ of a matrix means that all 1-entries
of ‘ are replaced by 0’s and all 0-entries are replaced by 1’s.

Let M = (mi;j) be a matrix. Let ri denote the i-th row and let cj the j-th
column of M , and let M 0 be the submatrix of M that results from deleting
all rows except for ri1

; : : : ; rip
and all columns except for cj1

; : : : ; cjq
from M .

Then M 0contains an entry mi;j of M , denoted by mi;j 2 M 0, if i 2 fi1; : : : ; ipg
and j 2 fj1; : : : ; jqg. A row ri of M belongs to M 0, denoted by ri 2 M 0, if i 2
fi1; : : : ; ipg. Analogously, a column cj of M belongs to M 0 if j 2 fj1; : : : ; jqg.
A matrix M is said to contain a matrix M 0 if M 0 is isomorphic to a submatrix
of M .

3 Hardness Results

As observed by Tan and Zhang [16], Max-COS with each row containing at most
two 1’s is equivalent to the Maximum Induced Disjoint Paths Subgraph

problem (Max-IDPS), where, given an undirected graph G = (V; E), we ask for
a maximum-size set W µ V of vertices such that the subgraph of G induced
by W , denoted by G[W ], is a set of vertex-disjoint paths. Since we may assume
w.l.o.g. that the input matrix M has no two identical rows and no row of M
contains only one 1, a 0=1-matrix M where each row contains exactly two 1’s
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can be interpreted as a graph GM = (V; E) with V corresponding to the set of
columns and E corresponding to the set of rows. It is easy to verify that M has
the C1P ifi GM is a union of vertex-disjoint paths.

We show the hardness of Max-IDPS by giving an approximation-preserving
reduction from the NP-hard Independent Set problem to Max-IDPS2.

Theorem 1. There exists no polynomial-time factor-O(jV j(1¡†)) approximation
algorithm, for any † > 0, for Maximum Induced Disjoint Paths Subgraph

(Max-IDPS) unless NP-complete problems have randomized polynomial-time al-
gorithms.

With the equivalence between Max-COS, restricted to (⁄; 2)-matrices, and
Max-IDPS and results from [2, 3, 9], we get the following corollary.

Corollary 1. Even in case of (⁄; 2)-matrices,

1. there exists no polynomial-time factor-O(jV j(1¡†)) approximation algorithm,
for any † > 0, for Max-COS unless NP-complete problems have randomized
polynomial-time algorithms,

2. Max-COS is W[1]-hard with respect to the number of the columns in the
resulting consecutive ones submatrix, and

3. assuming P6=NP, Min-COS cannot be approximated within a factor of 2:7212.

4 (⁄; ¢)-Matrices

This section will present two positive results for the minimization version of
Consecutive Ones Submatrix (Min-COS) restricted to (⁄; ¢)-matrices, one
concerning the approximability of the problem, the other one concerning its
flxed-parameter tractability. To this end, we develop a reflnement of the forbid-
den submatrix characterization of the C1P by Tucker [18], which may also be of
independent interest.

Deflnitions and Observations. Every 0=1-matrix M = (mi;j) can be interpreted
as the adjacency matrix of a bipartite graph GM : For every line of M there
is a vertex in GM , and for every 1-entry mi;j in M there is an edge in GM

connecting the vertices corresponding to the i-th row and the j-th column of M .
In the following deflnitions, we call GM the representing graph of M ; all terms
are deflned in analogy to the corresponding terms in graph theory.

Let M be a matrix and GM its representing graph. Two lines ‘; ‘0 of M are
connected in M if there is a path in GM connecting the vertices corresponding
to ‘ and ‘0. A submatrix M 0 of M is called connected if each pair of lines belonging
to M 0 is connected in M 0. A maximal connected submatrix of M is called a
component of M . A shortest path between two connected submatrices M1; M2

of M is the shortest sequence ‘1; : : : ; ‘p of lines such that ‘1 2 M1 and ‘p 2 M2

2 A difierent reduction from Independent Set to Max-IDPS was independently
achieved by Tan and Zhang [16].
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Fig. 1. A matrix with two components and its representing bipartite graph.
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Fig. 2. The forbidden submatrices due to Tucker mentioned in Theorem 2.

and the vertices corresponding to ‘1; : : : ; ‘p form a path in GM . If such a shortest
path exists, the value p ¡ 1 is called the distance between M1 and M2.

Note that each submatrix M 0 of M corresponds to an induced subgraph
of GM and that each component of M corresponds to a connected component
of GM . An illustration of the components of a matrix is shown in Fig. 1. If the
distance between two lines ‘1 and ‘p is a positive even number, then ‘1 and ‘p

are either both rows or both columns; if the distance is odd, then exactly one
of ‘1 and ‘p is a row and one is a column.

Observation 1 Let M be a matrix and let ‘ be a line of M . Then ‘ belongs to
exactly one component M 0 of M and M 0 contains all 1-entries of ‘.

The following corollary is a direct consequence of Observation 1.

Corollary 2. Let M be a matrix and let M1; : : : ; Mi be the components of M . If
the column sets F1; : : : ; Fi are optimal solutions for Min-COS on M1; : : : ; Mi,
respectively, then F1 [ : : : [ Fi is an optimal solution for Min-COS on M .

Matrices that have the C1P can be characterized by a set of forbidden sub-
matrices as shown by Tucker [18].

Theorem 2 ([18, Theorem 9]). A matrix M has the C1P ifi it contains none
of the matrices MIk

, MIIk
, MIIIk

(with k ‚ 1), MIV, and MV (see Fig. 2).

The matrix type MI is closely related to the matrix types MII and MIII ; this
fact is expressed, in a more precise form, by the following two lemmas. They are
used in the proof of our main structural result presented in Theorem 4.
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Fig. 3. An illustration of Lemma 1. Matrix M contains an MIIk
and a 0-column.

Complementing rows r2, rk+1, and rk+2 of M leads to matrix M
0. Complementing the

rows of M
0 that have a 1 in column ck+3, namely, r2, rk+1, and rk+3, transforms M

0

to matrix M
00 which contains an MIk+1

and a 0-column, ck+3.

Lemma 1. For an integer k ‚ 1, let M be a (k + 3) £ (k + 4)-matrix contain-
ing MIIk

and additionally a 0-column, and let M 0 be the matrix resulting from M
by complementing a subset of its rows.

Then complementing all rows of M 0 that have a 1 in column ck+3 results in
a (k + 3) £ (k + 4)-matrix containing MIk+1

and additionally a 0-column.

Proof. Let R µ f1; 2; : : : ; k + 3g be the set of the indices of the complemented
rows, that is, all rows ri of M with i 2 R are complemented.

After complementing the rows ri; i 2 R, the column ck+3 of M 0 contains 1’s
in all rows ri with i 2 (f1; : : : ; k + 1g \ R) [ (fk + 2; k + 3g n R). It is easy to see
that complementing these rows of M 0 results in the described matrix. ut

See Fig. 3 for an illustration of Lemma 1. The proof of the following lemma
is analogous.

Lemma 2. For an integer k ‚ 1, let M = MIIIk
, and let M 0 be the matrix

resulting from M by complementing a subset of its rows.
Then complementing all rows of M 0 that have a 1 in column ck+3 results in

a (k + 2) £ (k + 3)-matrix containing MIk
and additionally a 0-column.

The Circular Ones Property, which is deflned as follows, is closely related
to the C1P, but is easier to achieve. It is used as an intermediate concept for
dealing with the harder to achieve C1P.

Deflnition 1. A matrix has the Circular Ones Property (Circ1P) if there exists
a permutation of its columns such that in each row of the resulting matrix the 1’s
appear consecutively or the 0’s appear consecutively (or both).

Intuitively, if a matrix has the Circ1P then there is a column permutation
such that the 1’s in each row appear consecutively when the matrix is wrapped
around a vertical cylinder. We have no theorem similar to Theorem 2 that char-
acterizes matrices having the Circ1P; the following theorem of Tucker is helpful
instead.

Theorem 3 ([17, Theorem 1]). Let M be a matrix. Form the matrix M 0

from M by complementing all rows with a 1 in the flrst column of M . Then M
has the Circ1P ifi M 0 has the C1P.
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Corollary 3. Let M be an m £ n-matrix and let j be an arbitrary integer
with 1 • j • n. Form the matrix M 0 from M by complementing all rows with
a 1 in the j-th column of M . Then M has the Circ1P ifi M 0 has the C1P.

Algorithms. In order to derive a constant-factor polynomial-time approximation
algorithm or a flxed-parameter algorithm for Min-COS on (⁄; ¢)-matrices, we
exploit Theorem 2 by iteratively searching and destroying in the given input
matrix every submatrix that is isomorphic to one of the forbidden submatrices
given in Theorem 2: In the approximation scenario all columns belonging to a
forbidden submatrix are deleted, whereas in the flxed-parameter setting a search
tree algorithm branches recursively into several subcases|deleting in each case
one of the columns of the forbidden submatrix.

Observe that a (⁄; ¢)-matrix cannot contain submatrices of types MIIk
and

MIIIk
with arbitrarily large sizes. Therefore, for both algorithms, the main dif-

flculty is that every problem instance can contain submatrices of type MIk
of

unbounded size|the approximation factor or the number of cases to branch into
would therefore not be bounded from above by ¢.

To overcome this di–culty, we use the following approach:

1. We flrst destroy only those forbidden submatrices that belong to a certain
flnite subset X of the forbidden submatrices given by Theorem 2 (and whose
sizes are upper-bounded, therefore).

2. Then, we solve Min-COS for each component of the resulting matrix. As
we will show in Lemma 3, this can be done in polynomial time. According
to Corollary 2 these solutions can be combined into a solution for the whole
input matrix.

The flnite set X of forbidden submatrices is specifled as follows.

Theorem 4. Let X := fMIk
j 1 • k • ¢¡1g[fMIIk

j 1 • k • ¢¡2g[fMIIIk
j

1 • k • ¢¡1g[fMIV; MVg. If a (⁄; ¢)-matrix M contains none of the matrices
in X as a submatrix, then each component of M has the Circ1P.

Proof. Let M be a (⁄; ¢)-matrix containing at most ¢ ones per row, and let X be
the set of submatrices mentioned in Theorem 4. We use Corollary 3 to show that
if a component of a matrix M does not have the Circ1P, then this component
contains a submatrix in X.

Let A be a component of M that does not have the Circ1P. Then, by Corol-
lary 3, there must be a column c of A such that the matrix A0 resulting from A
by complementing those rows that have a 1 in column c does not have the C1P
and, therefore, contains one of the submatrices given in Theorem 2.

In the following, we will make a case distinction based on which of the forbid-
den submatrices is contained in A0 and which rows of A have been complemented,
and show that in each case the matrix A contains a forbidden submatrix from X.

We denote the forbidden submatrix contained in A0 with B0 and the subma-
trix of A that corresponds to B0 with B. Note that the matrix A0 must contain
a 0-column due to the fact that all 1’s in column c have been complemented.
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Fig. 4. Illustration for Case 1 in the proof of Theorem 4. Complementing the second
row of an MIV generates an MV. (The rows and columns of the MV are labeled with
numbers according to the ordering of the rows and columns of the MV in Fig. 2.)
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Fig. 5. Illustration for Case 2 in the proof of Theorem 4. Suppose that only the third
row of B is complemented. Then B together with the complementing column forms
an MIV.

Because no forbidden submatrix given by Theorem 2 contains a 0-column, col-
umn c cannot belong to B0 and, hence, not to B. We will call this column the
complementing column of A.

When referencing to row or column indices of B0, we will always assume that
the rows and columns of B0 are ordered as shown in Fig. 2.

Case 1: The submatrix B0 is isomorphic to MIV.
If no row of B has been complemented, then B = B0, and A also contains

a submatrix MIV, a contradiction to the fact that M contains no submatrices
from X.

If exactly one of the flrst three rows of B has been complemented, then B
contains one 0-column, and B with the 0-column deleted forms an MV, indepen-
dent of whether the fourth row of B also has been complemented (see Fig. 4).
Again, we have a contradiction.

If two or three of the flrst three rows of B have been complemented, then A
contains an MI1

as a submatrix: Assume w.l.o.g. that the flrst two rows have been
complemented. If the fourth row has also been complemented, there is an MI1

consisting of the rows r1; r2; r4 and the columns c2; c4; c5 of B. Otherwise, there
is an MI1

consisting of the rows r1; r2; r4 and the columns c1; c3; c6 of B. This is
again a contradiction.

Case 2: The submatrix B0 is isomorphic to MV.
Analogously to Case 1 we can make a case distinction on which rows of A

have been complemented, and in every subcase we can flnd a forbidden submatrix
from X in A. In some of the subcases the forbidden submatrix can only be found
in A if in addition to B also the complementing column of A is considered. We
will present only one example representing all subcases of Case 2. If e.g. only the
third row of B has been complemented, then the complementing column of A
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contains a 0 in all rows that belong to B except for the third. Then B forms
an MIV together with the complementing column of A (see Fig. 5).

We omit the details for the other cases. Herein, the case that B0 is isomorphic
to MIk

, k ‚ ¢, is the most complicated one; one has to distinguish two subcases
corresponding to the parity of the distance between the complementing column
and B. Lemma 1 and Lemma 2 are decisive for the cases that B0 is isomorphic
to MIIk

, k ‚ 1, and that B0 is isomorphic to MIIIk
, k ‚ 1, respectively. ut

If all submatrices mentioned in Theorem 4 are destroyed, then every com-
ponent of the resulting matrix has the Circ1P by Theorem 4. The next lemma
shows that Min-COS on these components then is polynomial-time solvable.

Lemma 3. Min-COS can be solved in O(n¢¢m) time, when restricted to (⁄; ¢)-
matrices that have the Circ1P. Herein, n denotes the number of columns and m
the number of rows.

We can now state the algorithmic results of this section.

Theorem 5. Min-COS on (⁄; ¢)-matrices for constant ¢ can be approximated
in polynomial time within a factor of ¢ + 2 if ¢ = 2 or ¢ ‚ 4, and it can be
approximated in polynomial time within a factor of 6 if ¢ = 3.

Proof. Our approximation algorithm searches in every step for a forbidden sub-
matrix of X given by Theorem 4 and then deletes all columns belonging to this
submatrix. An optimal solution for the resulting matrix can be found in polyno-
mial time: Due to Corollary 2 an optimal solution for a matrix can be composed
of the optimal solutions for its components, and due to Theorem 4 after the dele-
tion of all submatrices from X all components have the Circ1P, which means
that an optimal solution for every component can be found in polynomial time
as shown in Lemma 3.

Because an optimal solution has to delete at least one column of every for-
bidden submatrix of X, the approximation factor is the maximum number of
columns of a forbidden submatrix from X.

The running time of the algorithm is dominated by searching for submatrix
from X with the largest number of rows and columns. Such a submatrix M 0

with R rows and C columns can be found in O(minfmnCRC; mRnRCg) time.
If ¢ 6= 3, every submatrix of X has at most ¢ + 1 rows and ¢ + 2 columns.

If ¢ = 3, the matrix MIV with four rows and six columns is the biggest matrix
of X. This yields the claimed approximation factors and running times. ut

Theorem 6. Restricted to (⁄; ¢)-matrices, Min-COS with parameter d =\num-
ber of deleted columns" can be solved in O((¢ + 2)d ¢ (minfm¢+1n; mn¢+2g +
mn¢)) time if ¢ = 2 or ¢ ‚ 4 and in O(6d ¢ (minfm4n; mn6g + mn3)) time
if ¢ = 3.

Proof. We use a search tree approach, which searches in every step for a forbid-
den submatrix of X given by Theorem 4 and then branches on which column
belonging to this submatrix has to be deleted. The solutions for the resulting
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matrices without submatrices from X can be found, without branching, in poly-
nomial time due to Lemma 3. The number of branches depends on the maximum
number of columns of a forbidden submatrix from X; the running time of the
algorithm can therefore be determined analogously to Theorem 5. ut

5 (⁄; 2)- and (2; ⁄)-Matrices

(⁄; 2)-Matrices. By Theorem 6 we know that Min-COS, restricted to (⁄; 2)-
matrices, can be solved in O(4d ¢ m3n) time with d denoting the number of
deleted columns. Here, we show that Min-COS, restricted to (⁄; 2)-matrices, ad-
mits a quadratic-size problem kernel. Using the equivalence between Min-COS

restricted to (⁄; 2)-matrices and the minimization dual of Maximum Induced

Disjoint Paths Subgraph (Max-IDPS) (see Sect. 3), we achieve this by show-
ing a problem kernel for the dual problem of Max-IDPS with the parameter d
denoting the number of allowed vertex deletions.

We use Min-IDPS to denote the dual problem of Max-IDPS and formulate
Min-IDPS as a decision problem: The input consists of an undirected graph G =
(V; E) and an integer d ‚ 0, and the problem is to decide whether there is a
vertex subset V 0 µ V with jV 0j • d whose removal transforms G into a union of
vertex-disjoint paths. W.l.o.g., we assume that G is a connected graph.

Given an instance (G = (V; E); d) of Min-IDPS, we perform the following
polynomial-time data reduction:

Rule 1: If a degree-two vertex v has two degree-at-most-two neighbors u; w
with fu; wg =2 E, then remove v from G and connect u; w by an edge.

Rule 2: If a vertex v has more than d + 2 neighbors, then remove v from G,
add v to V 0, and decrease d by one.

A graph to which none of the two rules applies is called reduced.

Lemma 4. The data reduction rules are correct and a graph G = (V; E) can be
reduced in O(jV j + jEj) time.

Theorem 7. Min-IDPS with parameter d denoting the allowed vertex deletions
admits a problem kernel with O(d2) vertices and O(d2) edges.

Proof. Suppose that a given Min-IDPS instance (G; d) is reduced w.r.t. Rules 1
and 2 and has a solution, i.e., by deleting a vertex subset V 0 with jV 0j • d the
resulting graph H = (VH ; EH) is a union of vertex-disjoint paths. Then H has
only degree-one and degree-two vertices, denoted by V 1

H and V 2
H , respectively.

Note that VH = V 1
H [ V 2

H = V n V 0.
On the one hand, since Rule 2 has removed all vertices of degree greater

than d+2 from G, the vertices in V 0 are adjacent to at most d2 +2d VH -vertices
in G. On the other hand, consider a V 1

H -vertex v. If v is not a degree-one vertex
in G, then v is adjacent to at least one vertex from V 0; otherwise, due to Rule 1,
v’s neighbor or the neighbor of v’s neighbor is adjacent to at least one vertex
from V 0. Moreover, due to Rule 1 and the fact that H is a union of vertex-disjoint
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paths, at least one of three consecutive degree-two vertices on a path from H
is adjacent in G to at least one vertex from V 0. Hence, at least jVH j=5 vertices
in VH are adjacent in G to V 0-vertices. Thus, the number of VH -vertices can be
upper-bounded by 5 ¢ (d2 + 2d).

Since H is a union of vertex-disjoint paths, there can be at most jVH j ¡ 1 =
5d2 +10d¡1 edges in H. As shown above, each vertex from V 0 can have at most
d + 2 incident edges. ut

(2; ⁄)-Matrices. Here, we consider matrices M that have at most two 1’s in each
column but an unbounded number of 1’s in each row. From Theorem 2, if M
does not have the C1P, then M can only contain an MIV or an MIk

in Fig. 2.
The following lemma can be shown in a similar way as Theorem 4.

Lemma 5. Let M be a (2; ⁄)-matrix without identical columns. If M does not
contain MIV and MI1

and does not have the C1P, then the matrices of type MIk

that are contained in M are pairwise disjoint, that is, they have no common row
or column.

Based on Lemma 5, we can easily derive a search tree algorithm for Min-COS

restricted to (2; ⁄)-matrices:
1. Merge identical columns of the given matrix M into one column and assign
to this column a weight equal to the number of columns identical to it;
2. Branch into at most six subcases, each corresponding to deleting a column
from an MIV- or MI1

-submatrix found in M . By deleting a column, the param-
eter d is decreased by the weight of the column.
3. Finally, if there is no MIV and MI1

contained in M , then, by Lemma 5, the
remaining MI-submatrices contained in M are pairwise disjoint. Then, Min-

COS is solvable in polynomial time on such a matrix: Delete a column with
minimum weight from each remaining matrix of type MIk

.
Clearly, the search tree size is O(6d), and a matrix of type MIV can be found

in O(minfm4n; mn6g) steps, which gives the following theorem.

Theorem 8. Min-COS, restricted to (2; ⁄)-matrices with m rows and n columns,
can be solved in O(6d ¢ minfm4n; mn6g) time where d denotes the number of al-
lowed column deletions.

By removing all columns of every MIV- and MI1
-submatrix found in M , one

can show the following.

Corollary 4. Min-COS, restricted to (2; ⁄)-matrices, can be approximated in
polynomial time within a factor of 6.

6 Future Work

Our results mainly focus on Min-COS with no restriction on the number of
1’s in the columns; similar studies should be undertaken for the case that we
have no restriction for the rows. Moreover, it shall be investigated whether ¢
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can be eliminated from the exponents in the running times of the algorithms
for Min-COS on (⁄; ¢)-matrices|in the parameterized case the question is if
Min-COS on (⁄; ¢)-matrices is flxed-parameter tractable with d and ¢ as a
combined parameter, or if Min-COS on matrices without restrictions is flxed-
parameter tractable with d as parameter. Finally, we focused only on deleting
columns to achieve a maximum-size submatrix with C1P. It remains to consider
the NP-hard symmetrical case [5] with respect to deleting rows; our structural
characterization theorem should be helpful here as well.
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