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Abstract. The Minimum Membership Set Cover problem has recently been introduced and studied in the context of interference reduction in cellular networks. It has been proven to be notoriously hard
in several aspects. Here, we investigate how natural generalizations and
variations of this problem behave in terms of the consecutive ones property: While it is well-known that classical set covering problems become
polynomial-time solvable when restricted to instances obeying the consecutive ones property, we experience a significantly more intricate complexity behavior in the case of Minimum Membership Set Cover. We
provide polynomial-time solvability, NP-completeness, and approximability results for various cases here. In addition, a number of interesting
challenges for future research is exhibited.

1

Introduction

Set Cover (and, equivalently, Hitting Set [1]) is a core problem of algorithmics and combinatorial optimization [2, 3]. The basic task is, given a collection C
of subsets of a base set S, to select as few sets in C as possible such that their
union is the base set. This models many resource allocation problems and generalizes fundamental graph problems such as Vertex Cover and Dominating Set. Set Cover is NP-complete and only allows for a logarithmic-factor
polynomial-time approximation [7]. It is parameterized intractable (that is, W[2]complete) with respect to the parameter “solution size” [5, 14].
Numerous variants of set covering are known and have been studied [2, 4,
8, 9, 11, 16]. Motivated by applications concerning interference reduction in cellular networks, Kuhn et al. [10] very recently introduced and investigated the
Minimum Membership Set Cover problem.
Minimum Membership Set Cover (MMSC)
Input: A set S, a collection C of subsets of S, and a nonnegative integer k.
S
Task: Determine if there exists a subset C 0 ⊆ C such that C∈C 0 = S
and maxs∈S |{C ∈ C 0 | s ∈ C}| ≤ k.
?
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In this natural variant again a base set S has to be covered with sets from a
collection C. By way of contrast to the classical Set Cover problem, however,
the goal is not to minimize the number of sets from C required to do this, but the
maximum number of occurrences each element from S has in the cover. Kuhn
et al. [10] showed that MMSC is NP-complete and has similar approximation
properties as the classical Set Cover problem.
A well-known line of attack against the hardness of Set Cover is to study
special cases of practical interest. Perhaps the most famous one of these cases
is Set Cover obeying the consecutive ones property (c.o.p.) [11–13, 16, 17].
Herein, the elements of S have the property that they can be ordered in a linear
arrangement such that each set in the collection C contains only whole “chunks”
of that arrangement, that is, without any gaps.1 Set Cover instances with
c.o.p. are solvable in polynomial time, a fact which is made use of in many
practical applications [11, 13, 16, 17]. Thus, the question naturally arises whether
such results can be transferred to MMSC. This is what we study here, arriving
at a much more colorful scenario than in the classical case.
In order to thoroughly study MMSC, in particular with respect to the c.o.p.,
it is fruitful to consider the following generalization.
Red-Blue Hitting Set (RBHS)
Input: An n-element set S, two collections Cred and Cblue of subsets of S,
and a nonnegative integer k.
Task: Determine if there exists a subset S 0 ⊆ S such that each set in Cred
contains at least one element from S 0 and each set in Cblue contains at
most k elements from S 0 .
MMSC is the same as RBHS for the case Cred = Cblue . However, the RBHS
formulation now opens a wide field of natural investigations concerning the c.o.p.,
the point being that the c.o.p. may apply to either Cred , Cblue , both, or none of
them. The c.o.p. in connection with RBHS leads to a number of different results
concerning the computational complexity. This is what we explore here, Table 1
providing a general overview of known and new results.
The main messages from Table 1 (and this work) are:
– In case of only “partial” or even no consecutive ones properties (first three
columns), the problem mostly remains NP-complete.
– In the case that both Cred and Cblue obey the c.o.p., only simple cases are
known to be polynomial-time solvable but the general case remains open.
– The case that both Cred and Cblue obey the c.o.p. allows for a simple and
efficient approximation which is only by additive term one worse than an
optimal solution. Surprisingly, an optimal solution seems harder to achieve.
1

The name “consecutive ones” refers to the fact that one may think of a Set Cover
instance as a coefficient matrix M where the elements of S correspond to columns
and the sets in C correspond to rows; An entry is 1 if the respective element is
contained in the respective set and 0 otherwise. If the Set Cover instance has the
c.o.p., then the columns of M can be permuted in such a way that the ones in each
row appear consecutively.
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Table 1. An overview of previously known results, new results presented in this paper,
and open questions for future research regarding the computational complexity of the
Red-Blue Hitting Set problem.

no c.o.p.
requirement
No restrictions
Fixed max. overlap k
Fixed elem. occ. in Cblue

Cred
has c.o.p.

Cblue
has c.o.p.

NP-c [10]
NP-c
(Thm. 5)

NP-c
(Thm. 5)

NP-c
(Thm. 7)

Fixed elem. occ. in Cred
Card.-2 sets Cred or Cblue
Card.-2 sets Cred and Cblue

Cblue contains one set

+1-approx.
(Thm. 9)
poly.-time
(Thm. 11)
?

NP-c (Thms. 5, 6, 7, and 8)

trivial

linear-time (Cor. 4)

Fix. card. sets Cred
Fix. card. sets Cblue

Cred and Cblue
have c.o.p.

?
NP-c [10]

NP-c (Thms. 5, 7, and 8)
poly.-time
(Cor. 12)

NP-c
(Thm. 2)

Fix. num. sets in Cblue

NP-c
(Thm. 2)

poly.-time
(Thm. 11)
poly.-time
(Cor. 12)

?

Preliminaries. Formally, the consecutive ones property is defined as follows.
Definition 1. Given a set S = {s1 , . . . , sn } and a collection C of subsets of S,
the collection C is said to have the consecutive ones property (c.o.p.) if there
exists an order ≺ on S such that for every set C ∈ C and si ≺ sk ≺ sj , it holds
that si ∈ C ∧ sj ∈ C ⇒ sk ∈ C.
The following simple observation is useful for our NP-completeness proofs.
Observation 1 Given a set S = {s1 , . . . , sn } and a collection C of subsets of S
such that all sets in C are mutually disjoint, the collection C has the c.o.p..
In order to simplify the study of Red-Blue Hitting Set, for a given instance (S, Cred , Cblue , k) we will call k the maximum overlap and say that a set S 0
has the minimum overlap property if each set in Cred contains at least one element from S 0 . The set S 0 has the maximum overlap property if each set in Cblue
contains at most k elements from S 0 . Thus, a set S 0 that has both the minimum
and maximum overlap property constitutes a valid solution to the given instance
of Red-Blue Hitting Set.
3
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2

Red-Blue Hitting Set Without C.O.P.

This section deals with the general RBHS problem, meaning that we make no
requirement for Cred and Cblue concerning the c.o.p.. Being a generalization of
MMSC, RBHS is of course NP-complete in general. This even holds for some
rather strongly restricted variants, as the next theorem shows.
Theorem 2. RBHS is NP-complete even if the following restrictions apply:
1. The collection Cblue contains exactly one set, and
2. each set in Cred has cardinality 2.
Proof. We show the theorem by a reduction from the NP-complete Vertex
Cover problem. Given a graph G = (V, E) and a nonnegative integer k, this
problem asks to find a size-k subset V 0 ⊆ V such that for every edge in E, at
least one of its endpoints is in V 0 . Given an instance (G, k) of Vertex Cover,
construct an instance of RBHS by setting S := V , Cred := E, Cblue := {V }
(that is, the collection Cblue consists of one set containing all elements of S), and
setting the maximum overlap equal to k. It is easy to see that this instance of
RBHS directly corresponds to the original vertex cover instance: We may choose
at most k elements from S to be in the solution set S 0 such that at least one
element from every set in Cred is contained in S 0 .
u
t
As shown in the next theorem, polynomial-time solvable instances of RBHS
arise when the cardinalities of all sets in the collection Cred are restricted to 2
and the maximum overlap k = 1.
Theorem 3. RBHS can be solved in polynomial time if the maximum overlap k = 1 and all sets in Cred have cardinality at most 2.
Proof. We prove the theorem by showing how the restricted RBHS instance can
equivalently be stated as a 2-Sat problem; 2-Sat is well-known to be solvable
in linear time [6].
For our reduction, we construct the following instance F of 2-Sat for a given
instance (S, Cred , Cblue , 1) of RBHS:
– For each element si ∈ S, where 1 ≤ i ≤ n, F contains the variable xi .
– For each set {si1 , si2 } ∈ Cred , F contains the clause (xi1 ∨ xi2 ).
– For each set {si1 , . . . , sid } ∈ Cblue , F contains d(d−1)/2 clauses (¬xia ∨¬xib )
with 1 ≤ a < b ≤ d.
If the resulting Boolean formula F has a satisfying truth assignment T ,
then S 0 := {si ∈ S : T (xi ) = true} is a solution to the RBHS instance
(S, Cred , Cblue , 1): By construction, for each set in Cred at least one element must
have been chosen in order to satisfy the corresponding clause. Hence, S 0 has
the minimum overlap property. Also, no two elements sia , sib from a set in Cblue
can have been chosen because this would imply that the corresponding clause
4
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(¬xia ∨ ¬xib ) in F is not satisfied by T . Hence, S 0 also has the maximum overlap
property and thus is a valid solution to the RBHS instance.
Omitting a formal proof here, it is easy to see that a solution set S 0 for
(S, Cred , Cblue , 1) can be used to construct a satisfying truth assignment T for F :
For all 1 ≤ i ≤ n, set T (xi ) = true if si ∈ S 0 and T (xi ) = false otherwise.
u
t
Corollary 4. RBHS can be solved in linear time if all sets in Cred and Cblue
have cardinality at most 2.
u
t

3

Red-Blue Hitting Set With Partial C.O.P.

In this section, we prove that RBHS remains NP-complete even under the requirement that either Cred or Cblue is to have the c.o.p.. To this end, we give
reductions from the following restricted variant of the Satisfiability problem:
Restricted 3-Sat (R3-Sat)
Input: An n-variable Boolean formula F in conjunctive normal form
where each variable xi , 1 ≤ i ≤ n, appears at most three times, each
literal appears at most twice, and each clause contains at most three
literals.
Task: Determine if there exists a satisfying truth assignment T for F .
It is well-known that R3-Sat is NP-complete (e.g., see [15, p. 183]).2
3.1

Consecutive Ones Property for Cred

The following two theorems (Theorems 5 and 6) show that the requirement
of Cred obeying the c.o.p. does not make RBHS tractable. The theorems complement each other in the sense that they impose different restrictions on the
cardinalities of the sets Cred and Cblue ; Theorem 5 allows for size-3 sets in Cred and
size-2 sets in Cblue (the reduction encodes clauses of a given R3-Sat instance
in Cred ) while the converse holds true for Theorem 6 (the reduction encodes
variables in Cred ).
Theorem 5. RBHS is NP-complete even if all the following restrictions apply:
1.
2.
3.
4.

The collection Cred has the consecutive ones property.
The maximum overlap k is equal to one.
Each set in Cred has cardinality 3, and each set in Cblue has cardinality 2.
Each element from S occurs in exactly one set in Cred , and each element
from S occurs in at most two sets in Cblue .

Proof. We prove the theorem by a reduction from R3-Sat. Given an m-clause
Boolean formula F that is an instance of R3-Sat, construct the following instance (S, Cred , Cblue , k) of RBHS:
2

Note that it is essential for the NP-completeness of R3-Sat that the Boolean formula F may contain size-2 clauses, otherwise, the problem is in P [15].

5
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s11 s21 s31 s12 s22 s32 s13 s23 s33 s14 s24 s34
{s11 , s21 , s31}{s12 , s22 , s32}{s13 , s23 , s33}{s14 , s24 , s34}
F = ( x1 ∨ x2 ∨ ¬x3 ) ∧
( ¬x2 ∨ x3 ∨ x4 ) ∧
( ¬x1 ∨ ¬x2 ∨ ¬x4 ) ∧
( ¬x1 ∨ x3 ∨ ¬x4 )

{ s11 ,
{ s11 ,
{ s21 ,
{ s21 ,

S
Cred

s13 }
s14 }
s12 }
s23 }

{ s31 ,
{ s31 ,

Cblue

s22 }
s24 }
{ s32 ,
{ s32 ,

s33 }
s34 }

Fig. 1. Example of encoding an instance of R3-Sat into an instance of RBHS (proof of
Theorem 5). Each clause of the Boolean formula F is represented by a three-element set
in Cred . The sets in Cblue and the maximum overlap k = 1 ensure that no two elements
from S can be chosen into a solution that correspond to conflicting truth assignments
of the same variable. Observe how S 0 = {s21 , s31 , s32 , s13 , s14 } (grey columns) constitutes a
valid solution to the RBHS instance; accordingly, a truth assignment T which makes
all the corresponding literals evaluate to true satisfies F .

– The set S consists of elements s11 , s21 , s31 , . . . , s1m , s2m , s3m . The element sij corresponds to the i-th literal in the j-th clause of F . If the j-th clause has only
two literals, then S contains only s1j and s2j .
– Each set in Cred corresponds to a clause in F , that is, for the i-th clause
in F , we add {s1i , s2i , s3i } to Cred if it contains three literals and {s1i , s2i } if it
contains two literals.
– For each variable x in F and for all pairs of literals l1 = x, l2 = ¬x in F :
If l1 is the i-th literal in the j-th clause and l2 is the p-th literal in the q-th
clause of F , Cblue contains the set {sij , spq }.
– The maximum overlap k is set to one.
The construction is illustrated in Figure 1. It is easy to see that, by the definition
of R3-Sat, the constructed instance satisfies the restrictions claimed in the
theorem; note that Cred has the consecutive ones property due to Observation 1.
It remains to show that the constructed instance of RBHS has a solution iff F
has a satisfying truth assignment T .
“⇒” Assume that the constructed instance of RBHS has a solution set S 0 .
Let T be a truth assignment such that, for every sij ∈ S 0 , the variable represented
by sij is set to true if the literal represented by sij is positive, and false otherwise.
This truth assignment is well defined because S 0 must have the maximum overlap
property—it therefore cannot happen that two elements sij , spq ∈ S 0 correspond
to different literals of the same variable.
To show that T constitutes a satisfying truth assignment for F , observe that,
for each clause of F , at least one element from S 0 must correspond to a literal in
this clause because S 0 has the minimum overlap property. On the one hand, if
this element corresponds to a positive literal xi , then T (xi ) = true, satisfying the
6
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clause. On the other hand, if the element corresponds to a negative literal ¬xi ,
then T (xi ) = false, satisfying the clause.
“⇐” Let T be a satisfying truth assignment for F . Let S 0 be the set of
elements in S that correspond to literals that evaluate to true under T . Then, S 0
has the minimum overlap property because at least one literal in every clause
of F must evaluate to true under T and each set in Cred represents exactly one
clause of F . Also, S 0 has the maximum overlap property because T is uniquely
defined for every variable that occurs in F . Since S 0 has both the minimum and
maximum overlap property, it is a valid solution to the RBHS instance.
u
t
The following theorem can be proven in a similar way as Theorem 5.
Theorem 6. RBHS is NP-complete even if all the following restrictions apply:
1.
2.
3.
4.

3.2

The collection Cred has the consecutive ones property.
The maximum overlap k is equal to two.
Each set in Cred has cardinality 2, and each set in Cblue has cardinality 3.
Each element from S occurs in exactly one set in Cred , and each element
from S occurs in at most two sets in Cblue .
u
t
Consecutive Ones Property for Cblue

Note that by the proof of Theorem 2, RBHS is NP-complete already if Cblue
contains just a single set and, hence, has the c.o.p.. However, this requires a
non-fixed maximum overlap k and unrestricted cardinality of the sets contained
in Cblue . Therefore, if we want to show the NP-hardness of RBHS with the
additional restriction that the maximum overlap k is fixed and the sets in Cred
and Cblue have small cardinality, another reduction is needed. Analogously to
Theorems 5 and 6, the following two theorems impose different restrictions on
the cardinalities of the sets in Cred and Cblue .
Theorem 7. RBHS is NP-complete even if all the following restrictions apply:
1.
2.
3.
4.

The collection Cblue has the consecutive ones property.
The maximum overlap k is equal to one.
Each set in Cred has cardinality 3, and each set in Cblue has cardinality 2.
Each element from S occurs in at most two sets in Cred , and each element
from S occurs in exactly one set in Cblue .

Proof. Again, we give a reduction from R3-Sat. For a given n-variable Boolean
formula F that is an instance of R3-Sat, construct the following instance
(S, Cred , Cblue , k) of RBHS:
– The set S consists of 2n elements s1 , s̄1 , . . . , sn , s̄n , that is, for each variable xi
in F , S contains an element si representing the literal x and an element s̄i
representing the literal ¬x.
– For each clause in F , Cred contains a set of those elements from S that
represent the literals of that clause.
7
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s1 s̄1 s2 s̄2 s3 s̄3 s4 s̄4
F = ( x1 ∨ x2 ∨ ¬x3 ) ∧

=⇒

{ s1 ,

( ¬x2 ∨ x3 ∨ x4 ) ∧

=⇒

( ¬x1 ∨ ¬x2 ∨ ¬x4 ) ∧

=⇒

{ s̄1 ,

( ¬x1 ∨ x3 ∨ ¬x4 )

=⇒

{ s̄1 ,

S

s̄3}

s2 ,
{ s̄2 , s3 ,

s4}
s̄4}

s̄2 ,
s3 ,

Cred

s̄4}

{s1 , s̄1}{s2 , s̄2}{s3 , s̄3}{s4 , s̄4}

Cblue

Fig. 2. Example of encoding an instance of R3-Sat into an instance of RBHS (proof of
Theorem 7). Each clause of the Boolean Formula F is encoded into one set of Cred . The
sets in Cblue and the maximum overlap k = 1 ensure that no two elements from S can
be chosen into a solution that correspond to conflicting truth assignments of the same
variable. Observe how S 0 = {s̄1 , s2 , s3 , s4 } (grey columns) constitutes a valid solution
to the RBHS instance; accordingly, a truth assignment T with T (xi ) = true iff si ∈ S 0
satisfies F .

S
– Cblue = 1≤i≤n {{si , s̄i }}.
– The maximum overlap k is one.
Observe that this instance satisfies all restrictions claimed in the theorem; Cblue
has the c.o.p. due to Observation 1. The reduction is illustrated by an example
in Figure 2. It remains to show that the constructed instance has a solution iff F
has a satisfying truth assignment T . We omit the details.
u
t
The proof of the following theorem is similar to the one of Theorem 7.
Theorem 8. RBHS is NP-complete even if all the following restrictions apply:
1.
2.
3.
4.

The collection Cblue has the consecutive ones property.
The maximum overlap k is equal to two.
Each set in Cred has cardinality 2, and each set in Cblue has cardinality 3.
Each element from S occurs in at most two sets in Cred , and each element
from S occurs in at exactly one set in Cblue .
u
t

Note that if k is restricted to k = 1 instead of k = 2 in the instances
discussed in the above theorem, they become polynomial-time solvable according
to Theorem 3.

4

Red-Blue Hitting Set With C.O.P.

In this section, we make the requirement that both Cred and Cblue in a given
instance (S, Cred , Cblue , k) of RBHS obey the c.o.p. and call the resulting problem
“RBHS with c.o.p..” We present an approximation algorithm (Section 4.1) and
show, among others, that for fixed k RBHS with c.o.p. is solvable in polynomial
time (Section 4.2). This leads to the following observation.
8
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Observation 2 RBHS with c.o.p. is equivalent to MMSC with c.o.p..
To see this observation, note that on the one hand, MMSC is obviously the
special case of RBHS with identical red and blue subset collections. On the
other hand, an RBHS instance (S, Cred , Cblue , k) with c.o.p. can be transformed
into an MMSC instance with c.o.p. by observing that for an optimal solution S 0
of RBHS, for any set Cb ∈ Cblue that contains no set from Cred as a subset
we have |Cb ∩ S 0 | ≤ 2. Thus, if k > 2, then we can safely remove such blue
subsets from Cblue . Then, solving RBHS on the resulting instance is equivalent
to solving MMSC on the instance (S, Cred ∪ Cblue , k). If k ≤ 2 then both RBHS
and MMSC with c.o.p. are solvable in polynomial time as it will be shown in
Section 4.2.
To simplify the discussion in this section, we assume that the elements in
S = {s1 , . . . , sn } are sorted such that all subsets in Cred and Cblue have the
c.o.p., that is, for every 1 ≤ i ≤ k ≤ j ≤ n and every set C ∈ Cblue ∪ Cred it holds
that si ∈ C ∧ sj ∈ C ⇒ sk ∈ C. For each subset C ⊆ S, its left index l(C) is
defined as min{i | si ∈ C} and its right index r(C) is defined as max{i | si ∈ C}.
4.1

Approximation Algorithm

Here, we describe a polynomial-time approximation algorithm for RBHS with
c.o.p. that has a guaranteed additive term of one compared to an optimal solution. To this end, we rephrase RBHS as an optimization problem:
Input: A set S and two collections Cred and Cblue of subsets of S.
Task: Find a subset S 0 ⊆ S with S 0 ∩ C 6= ∅ for all C ∈ Cred which
minimizes maxC 0 ∈Cblue {|C 0 ∩ S 0 |}.
Our greedy approximation algorithm works as follows:
01
02
03
04
05

0
← Cred
S 0 ← ∅, Cred
0
while Cred 6= ∅
0
with minimum right index
C ← set from Cred
0
0
0
0
0
S ← S ∪ {sr(C) }, Cred
← Cred
\ {C ∈ Cred
: C ∩ S 0 6= ∅}
0
return S

Theorem 9. For RBHS with c.o.p., the greedy algorithm polynomial-time approximates an optimum solution within an additive term of one.
Proof. Obviously, the output S 0 of the greedy algorithm has the minimum overlap property since S 0 ∩ C 6= ∅ for all C ∈ Cred . It is also clear that the algorithms
runs in O(|S| · |Cred |) time. It remains to show the additive term.
Let C denote one subset in Cblue with |C ∩ S 0 | = maxC 0 ∈Cblue {|C 0 ∩ S 0 |}. It
is easy to observe that C contains at least |C ∩ S 0 | − 1 mutually disjoint sets
from Cred as subsets, implying that any solution for this instance has to contain
at least |C ∩ S 0 | − 1 elements from C in order to satisfy the minimum overlap
property for these sets. Therefore, |C ∩ S 0 opt | ≥ |C ∩ S 0 | − 1 for any optimal
u
t
solution S 0 opt .
9
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4.2

Dynamic Programming

We now present a dynamic programming algorithm that solves Red-Blue Hitting Set with c.o.p. in polynomial time provided that either the maximum
overlap is a fixed constant k, the maximum cardinality of the sets in Cblue is
a fixed constant ccard , or the maximum number of occurrences of an element
in Cblue is a fixed constant cocc .
We assume that the sets C ∈ Cred are ordered according to l(C) and denote
them with R1 , . . . , R|Cred | ; the sets of Cblue are ordered analogously and denoted
with B1 , . . . , B|Cblue | . If a set in Cred is a superset of another set in Cred it can
be removed, and, therefore, for any two sets Ri , Rj ∈ Cred it holds that l(Ri ) <
l(Rj ) ⇔ r(Ri ) < r(Rj ). For an analogous reason we have l(Bi ) < l(Bj ) ⇔
r(Bi ) < r(Bj ) for all Bi , Bj ∈ Cblue . We call this property the monotonicity of
the sets in Cred and Cblue .
The idea of the dynamic programming algorithm is to build collections D(i, j)
of so-called partial solutions; each partial solution in a collection D(i, j) covers all
sets R1 , . . . , Rj with a minimal subset of {s1 , . . . , si } that fulfills the maximum
overlap property. To this end, the algorithm uses a two-dimensional table D(i, j)
with 1 ≤ i ≤ n (where n := |S|) and 1 ≤ j ≤ |Cred |; to fill this table, two nested
loops are used, the outer one iterating over i and the inner one iterating over j.
Every entry of D(i, j) that already has been processed contains a collection
of tuples (Sh , vh ), 1 ≤ h ≤ |D(i, j)|, where each tuple (Sh , vh ) consists of a
|C
|
set Sh ⊆ {s1 , . . . , si } and a vector vh = (vh1 , . . . , vh blue ). The sets Sh are called
partial solutions and have the following properties:
1. Each Sh contains at least one element of every set R1 , . . . , Rj ∈ Cred .
2. No proper subset of a partial solution Sh covers all sets R1 , . . . , Rj .
3. For 1 ≤ q ≤ |Cblue |, we have vhq = |Sh ∩ Bq | ≤ k.
It is obvious that if the entry D(n, |Cred |) is not empty, each partial solution
in D(n, |Cred |) is a solution for the RBHS instance.
The first step for filling the table is to compute all entries D(i, j) with i = 1,
a trivial task. All other entries D(i, j) are computed as follows: If l(Rj ) > i
then D(i, j) is empty. Otherwise, the partial solutions that have to be generated
can be divided in two categories: Partial solutions not containing the element si
and partial solutions containing si . The partial solutions not containing si can
only contain elements from {s1 , . . . , si−1 } and, therefore, are exactly the partial
solutions of D(i − 1, j).
The partial solutions in D(i, j) that do contain si are computed as follows: By
selecting si to be member of such a partial solution in D(i, j), all sets in Cred that
contain si are covered. Therefore, the other elements in the partial solution only
have to cover those sets Rp ∈ {R1 , . . . , Rj } with r(Rp ) < i. Hence, these elements
form a partial solution in a collection D(i − 1, j 0 ) where j 0 is the maximum
possible index such that r(Rj 0 ) < i. More formally, an entry D(i, j) with i > 1
and l(Rj ) ≤ i is computed as follows:
10
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01
02
03
04
05
06
07
08

if D(i − 1, j) 6= ∅ then D(i, j) ← D(i − 1, j).
j 0 ← max{p ∈ {1, . . . , j} | r(Rp ) < i}
if D(i − 1, j 0 ) 6= ∅ then for each (Sh , vh ) ∈ D(i − 1, j 0 ) do
Insert a copy (S̃h , ṽh ) of (Sh , vh ) into D(i, j)
S̃h ← S̃h ∪ {si }
for each q ∈ {1, . . . , |Cblue | : si ∈ Bq } do
ṽhq ← ṽhq + 1
if ṽhq > k then delete (S̃h , ṽh ) from D(i, j)
and continue with the next tuple in D(i − 1, j 0 )

In order to shrink the table size by eliminating redundant tuples, we perform the following data reduction step directly after the computation of an entry D(i, j):
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q 0 ← max{q ∈ {1, . . . , |Cblue |} : r(Bq ) ≤ i}
while D(i, j) contains tuples (Sh1 , vh1 ) and (Sh2 , vh2 ) such that
r(Sh1 ) ≥ r(Sh2 ) and ∀ q > q 0 : vhq 1 ≤ vhq 2 do
Delete (Sh2 , vh2 ) from D(i, j)

The data reduction step step does not affect the correctness of the algorithm:
If there is a solution S 0 for the RBHS instance with S 0 = Sh2 ∪ Ŝ such that l(Ŝ) >
i, then Ŝ ∪ Sh1 is obviously also a solution.
The following lemma helps us to give an upper bound for the number of
tuples (Sh , vh ) in a collection D(i, j). We omit the proof.
Lemma 10. For a collection D(i, j) 6= ∅, let Dx (i, j) be the tuples (Sh , vh ) ∈
D(i, j) with r(Sh ) = x. Then
the
¡
¢ number of tuples in Dx (i, j) is bounded from
above by min{(k + 1)cocc , cocck+k }.
u
t
Theorem 11. RBHS with c.o.p. can be solved in polynomial time provided that
either the maximum overlap k is a fixed constant, the maximum cardinality of
the sets in Cblue is a fixed constant ccard , or the maximum number of occurrences
of an element in Cblue is a fixed constant cocc . More precisely, RBHS is solvable
O(c
)
either in |S|O(k) time or in |S|O(cocc ) time or in |S|O(1) · ccardcard time.
Proof. The correctness of the algorithm follows from its above description. It
remains to show the running time, which basically depends on the size of the
table (that is, the number of collections D(i, j)) and the number of tuples that
have to be compared during the data reduction step.
The table size is |S| · |Cred | ≤ |S|2 . An upper bound for the number of tuples
in each collection can be derived from Lemma 10. The claimed running times
follow, because ccard is bounded from above by |S|, k is bounded from above
by ccard − 1, and cocc is bounded from above by |Cblue | and by ccard .
u
t
Corollary 12. RBHS with c.o.p. can be solved in polynomial time if |Cblue | is
a constant.
u
t
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Conclusion

In this work, we initiated a study of Minimum Membership Set Cover and,
more generally, Red-Blue Hitting Set with respect to instances (partially)
obeying the consecutive ones property. Many natural challenges for future work
arise from our results. For instance, it is desirable to find out more about the
polynomial-time approximability and the parameterized complexity [5, 14] of the
variants of Red-Blue Hitting Set proven to be NP-complete (see Table 1).
Moreover, in three cases Table 1 exhibits unsettled questions concerning the
computational complexity of the respective problems.
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