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Tübingen, Fed. Rep. of Germany

Abstract
We discuss general techniques, centered around the “Layerwise Separation Property” (LSP)√ of a planar graph problem, that allow to develop algorithms with running time c k |G|, given an instance G of a problem on planar graphs with parameter
k. Problems having LSP include planar vertex cover, planar independent
set, and planar dominating set. Extensions of our speed-up technique to basically all fixed-parameter tractable planar graph problems are also exhibited. Moreover, we relate, e.g., the domination number or the vertex cover number, with the
treewidth of a plane graph.
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Introduction

Fixed-parameter tractability. While many problems of practical interest
tend to be intractable from a standard complexity-theoretic point of view, in
many cases such problems have natural “structural” parameters, and practically relevant instances are often associated with “small” values of these
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parameters. The notion of fixed-parameter tractability [22] tries to capture
this intuition (see [21,25] for some recent surveys). This is done by taking into
account solving algorithms that are exponential with respect to the parameter, but otherwise have polynomial time complexity. That is, on input instance
(I, k) one terms a (parameterized) problem fixed-parameter tractable if it allows for a solving algorithm running in time f (k)nO(1) , where f is an arbitrary
function only depending on k and n = |I|. The associated complexity class is
called FPT. As fixed-parameter tractability explicitly allows for exponential
time complexity concerning the parameter, the pressing challenge is to keep
the related “combinatorial explosion” as small as possible.
In particular, the question naturally arises how “small” we can make the function f (k) [8]. One direction in current research on parameterized complexity
is to investigate problems with fixed-parameter algorithms of running time
ck nO(1) and to try to get the constant c as small as possible (e.g., see [4] in
the case of planar dominating set). Getting small constant bases in the
exponential factor f (k) is also our concern, but, even more importantly, our
primary focus is on investigations to get functions f (asymptotically) growing
as slowly as possible. Doing so, we provide a general framework for a broad
class of problems, namely planar graph problems. We indicate necessary conditions
for planar graph problems that imply FPT-algorithms with running time
√
c k nO(1) for constant c. Moreover, we discuss an extension of our technique
which applies to basically all fixed-parameter tractable graph problems.
In this paper, we provide a general framework for NP-hard planar graph
problems
that allows us to go from typically time ck nO(1)
algorithms to time
√
√
k O(1)
k
algorithms (subsequently briefly denoted by “c -algorithms”), meanc n
ing an exponential speed-up. 4
Planar graph problems. Planar graphs build a natural and practically important graph class. Many problems that are NP-complete for general graphs
(such as vertex cover and dominating set) remain so when restricted to
planar graphs. Many NP-complete graph problems are hard to approximate in
general graphs, but this is no longer true for restricted graph classes as planar
graphs. Lipton and Tarjan observed that their separator theorems can be used
to derive approximation schemes for problems on planar graphs [37,38]. Later,
Baker [10] improved on the constants in the running times of these approximation schemes, coming with the use of separator theorems, by introducing
the notion of outerplanarity.
Alternatively, finding an “efficient” exact solution in “reasonable exponen4

Actually, whenever we can construct a so-called problem kernel of polynomial size
in polynomial time (which
is often√the case for parameterized problems), then we
√
k
O(1)
can replace the term c n
by c k k O(1) + nO(1) .
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tial time” is an interesting and promising research challenge. In particular,
many graph problems fixed-parameter intractable for general graph classes
become fixed-parameter tractable for planar graphs (cf. [22]). This paper can
be seen as an outerplanarity/treewidth based approach to the design of parameterized algorithms with sublinear exponents on planar graphs, this way
supplementing the graph separator based approach detailed in [6]. Again, the
outerplanarity/treewidth based approach turns out to be superior to the separator based approach in many respects, especially regarding the estimates on
the running time of the algorithms.
Methodology. In recent work, algorithms were presented that constructively
produce
√ a solution for planar dominating set and related problems in
of a
time c k n [1,2]. To obtain these results, it was proven that the treewidth
√
planar graph with a dominating set of size k is bounded by O(
√ k) and that
a corresponding tree decomposition can be found in time O( kn). Building
on that problem-specific work with its rather tailor-made approach for dominating sets, here we take a much broader perspective. This comes to light by
the following two main points. Firstly, by introducing the so-called “Layerwise
Separation Property” we provide
√ an abstract, problem-independent tool for a
general design technique for c k -algorithms. Secondly, based on this key notion we give two main ways how to finally obtain these algorithms, one based
on tree decompositions and the other one based on a bounded outerplanarity
approach. Both these approaches do have their pros and cons, which will be
discussed later on. (Please refer to Section 2 for a schematic picture of our
methodology.) Note that, even though algorithms based on tree decompositions are widely considered to be impractical, because finding a tree decomposition, in general, is much too time-consuming, our approaches provide—to
our knowledge—first results where such decompositions of small width can
be computed relatively quickly, hence, yielding efficient algorithms. The advantage of both approaches from a practioner’s point of view clearly is that,
since the algorithms developed here can be stated in a very general framework,
only small parts have to be changed to adapt them to the concrete problem.
In this sense, our work differs strongly from research directions, where running times of algorithms are improved in a very problem-specific manner (e.g.,
by extremely sophisticated case-distinctions as in the case of vertex cover
for general graphs [17,42]). For example, once one can show that a problem
has the so-called “Layerwise Separation Property,” one can run a general algorithm which quickly computes a tree decomposition of guaranteed small width
(independent of the concrete problem). In summary, the heart of our approach
can roughly be sketched as follows: If...
(1) ...one can show that a graph problem carries some nice properties (e.g.,
the Layerwise Separation Property) and
(2) ...one can determine some corresponding “problem-parameters” for these
3
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properties (e.g., the width and the size-factor of the Layerwise Separation
Property);
√

then one gets an algorithm of running time O(c k nO(1) ), where we give concrete formulas on how to evaluate the constant c as a function of these problemparameters.
A library containing implementations of various algorithms sketched in this
paper is currently under development. It uses the LEDA package [40] for efficient data types and (graph) algorithms and the results obtained so far are
encouraging [3].
The impact of the paper. A preliminary version of this paper appeared
in [7]. This paper, together with the conference version [1] of [2], inspired
lots of research, partly hunting for better constants in the algorithms, partly
extending the work towards larger graph classes. We shortly describe these
efforts in the following.
• In [19], Demaine et al. show how to extend basically the results of this paper to the classes of K5 -minor-free graphs and of K3,3 -minor-free graphs,
at the expense of worsening the constants in the running times. Note that
the planar graphs are both K5 -minor-free and K3,3 -minor-free. Fomin and
Thilikos explored and characterized the largest class admitting parameterized algorithms for dominating set: it turns out to be the class of graphs
having bounded local treewidth [27].
• Fomin and Thilikos develop in [26,28] a branchwidth based counterpart to
our approach [1,2,7]. They derive constants which are slightly better than
ours, at the cost of a (in our opinion) more complicated proof, heavily relying
on the sophisticated machinery developped by Robertson and Seymour.
Kanj and Perkovič [31] and, with some additional geometric arguments,
Fernau and Juedes (ongoing work) showed that the outerplanarity approach
is also competitive with the branchwidth approach in the case of planar
dominating set. Probably, in practice it will be case-dependent which of
the methods turns out to be superior.
• There has also been some progress on other planar graph problems (in terms
of the involved constants) which are not in the focus of this paper: here, we
mention Kloks, Lee and Liu’s [35] contribution on face cover, as well as
Fernau and Juedes (ongoing work).

2

Outline and overview

The approach of this paper is based on the so-called layer-model of a planar
graph as introduced in Subsection 3.2. Using this model, one proceeds in two
4
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Fig. 1. Road map of our methodology for planar graph problems.

phases.
In a first phase, one separates the graph in a particular way (“layerwise”).
The key property of a graph problem to allow such an approach will be the
so-called “Layerwise Separation Property.” The details herefore are presented
in Section 4. It will be shown that such a property holds for quite a large class
of graph problems including those which admit a linear problem kernel. This
property assures that the planar graph can be separated nicely.
In a second phase, the problem is solved on the layerwisely separated graph.
We present two independent ways to achieve this in Section
√ 5. Either, using
the separators to set up a tree decomposition of width O( k) and solving the
problem using this tree decomposition; or using a combination of a trivial approach on the separators and some algorithms working on graphs of bounded
outerplanarity (see [10]) for the partitioned rest graphs. Figure 1 gives a general overview of our methodology presented in the following two sections. As
noted before, in the second phase (Section 5) we will describe two independent ways to solve the underlying graph problem on the layerwisely separated
graph. Both the tree decomposition as well as the bounded outerplanarity approach do have their pros and cons, which is why we present both of them. As
to the tree decomposition approach, its advantage is its greater generality (up
to the tree decomposition it is the same for all graph problems). In particular,
it is definitely easier to implement in practice, also due to its universality and
mathematical elegance.
By way of contrast, as to the bounded outerplanarity approach, in some cases
we obtain better (theoretical worst-case) time complexity bounds for our algorithms in comparison with the tree decomposition approach. Moreover, the
space consumption is significantly smaller, because the tree decomposition ap5
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proach works in its dynamic programming part with possibly large tables. To
achieve this, however, we need more complicated formalism and more constraints concerning the underlying graph problems.

3

Basic definitions and preliminaries

We consider undirected graphs G = (V, E), V denoting the vertex set and
E denoting the edge set. For clarity, sometimes we refer to V by V (G). Let
G[D] denote the subgraph induced by a vertex set D ⊆ V . We only consider
simple (no double edges) graphs without self-loops. We study planar graphs,
i.e., graphs that can be drawn in the plane without edge crossings. Let (G, φ)
denote a plane graph, i.e., a planar graph G together with an embedding φ.
A face of a plane graph is any topologically connected region surrounded by
edges of the plane graph. The one unbounded face of a plane graph is called
the exterior face.
A parameterized graph problem is a language consisting of tuples (G, k), where
G is a graph and k is an integer. A parameterized graph problem on planar graphs is a parameterized graph problem, where the graph G of an instance (G, k) is assumed to be a planar graph. 5 Among others, we study the
following “graph numbers”:
• A vertex cover C of a graph G is a set of vertices such that every edge
of G has at least one endpoint in C; the size of a vertex cover set with a
minimum number of vertices is denoted by vc(G).
• An independent set of a graph G is a set of pairwise nonadjacent vertices; the
size of an independent set with a maximum number of vertices is denoted
by is(G).
• A dominating set D of a graph G is a set of vertices such that each of the
rest of the vertices in G has at least one neighbor in D; ds(G) denotes the
size of a dominating set with a minimum number of vertices.
The corresponding problems are denoted by (planar) vertex cover (P)VC,
(planar) independent set (P)IS, and (planar) dominating set (P)DS.

5

If the instances of a parameterized graph problem on planar graphs were of the
form ((G, φ), k), where φ is an embedding of G, we would speak of a parameterized
graph problem on plane graphs. In our setting, the planar graph G need not be given
with an embedding.

6
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3.1 Linear problem kernels
Reduction to problem kernel is a core technique for the development of fixedparameter algorithms (see [22]). The idea behind is to cut off the “easy parts”
of a given problem instance such that only the “hard kernel” of the problem
remains where, then, e.g., exhaustive search can be applied (with reduced
costs).
More formally, reduction to problem kernel here is defined as follows.
Definition 1 Let L be a parameterized problem, i.e., L consists of pairs (I, k),
where problem instance I has a solution of size k (the parameter). 6 Reduction
to problem kernel then means to replace the instance (I, k) by a “reduced”
instance (I 0 , k 0 ) (which we call the problem kernel) such that
k 0 ≤ d · k,

|I 0 | ≤ q(k 0 )

with constant d, polynomial q, and
(I, k) ∈ L iff (I 0 , k 0 ) ∈ L.
Furthermore, we require that the reduction from (I, k) to (I 0 , k 0 ) (that we call
kernelization) is computable in polynomial time TK (|I|, k), the subscript referring to kernelization time.
Having constructed a size k O(1) problem kernel in time nO(1) , one can improve
the time complexity f (k)nO(1) of a fixed-parameter algorithm to f (k)k O(1) +
nO(1) . Subsequently, our focus is on decreasing f (k), and we do not always
refer to this simple fact. Often, the best one can hope for the problem kernel
is size linear in k, a so-called linear problem kernel .
Example 2 We discuss kernelizations for (P)VC, PIS, and PDS:
(P)VC Using a theorem of Nemhauser and Trotter [41], (also cf. [11,33,43]),
Chen et al. [17] observed a problem kernel of size 2k for (general) VC.
According to the current state of knowledge, this is the best one could hope
for because a problem kernel of size (2 − )k with constant  > 0 would imply
a factor 2− polynomial time approximation algorithm for VC, which would
mean a major breakthrough in approximation algorithms for VC [29]. As
regards planar vertex cover, however, a smaller problem kernel might
be achievable.
PIS Due to the four color theorem for planar graphs and the corresponding
algorithm generating a four coloring [44], it is easy to see that PIS has a
6

In this paper, we assume the parameter to be a positive integer, although, in
general, it might also be from an arbitrary language (e.g., being a subgraph).

7

Journal of Algorithms, Vol. 52 Issue 1, pp. 26-56, 2004

problem kernel of size 4k. If we are looking for an independent set of size
k ≤ n/4, then the four coloring algorithm basically does the job. Otherwise,
we know that k > n/4, i.e., n < 4k, which gives a linear problem kernel. 7
PDS The derivation of a problem kernel of size upperbounded by 335k vertices
for PDS is far from trivial [5].
Besides the positive effect of reducing the input size significantly by having
small problem kernels, and all the already obvious consequences of that, this
paper gives further justification, in particular, for the importance of linear
problem kernels. The
√ point is that once we have a linear problem kernel, it is
fairly easy to get c k -algorithms for these problems based upon the famous
planar separator theorem [37,38], see [6]. We will show alternative, more efficient ways (without using the planar separator theorem) of how√ to make use
of linear problem kernels in a generic way in order to obtain c k -algorithms
for planar graph problems, based on the ideas of Baker [10].

3.2 Tree decomposition and layer decomposition

In this subsection, we briefly introduce two sorts of decompositions for a graph
G, which are a fundamental basis for our approaches.
Definition 3 A tree decomposition of a graph G = (V, E) is a pair h{Xi |
i ∈ I}, T i, where Xi ⊆ V is called a bag and T is a tree with the elements
of I as nodes, such that the following hold:
S

(1) i∈I Xi = V ;
(2) for every edge {u, v} ∈ E, there is an i ∈ I such that {u, v} ⊆ Xi ;
(3) for all i, j, k ∈ I, if j lies on the path between i and k in T , then Xi ∩Xk ⊆
Xj .
The width of h{Xi | i ∈ I}, T i is max{|Xi | | i ∈ I} − 1. The treewidth tw(G)
of G is the minimum ` such that G has a tree decomposition of width `.
Details on tree decompositions can be found in [13,14,34].
The vertices of a planar graph G can be decomposed according to the level of
the “layer” in which they appear in an embedding φ [2,10].
Definition 4 Let (G = (V, E), φ) be a plane graph.
7

Hence, it appears to be reasonable to look at the parameterized problem that
asks for an independent set of size n/4 + k in the spirit of “parameterizing above
guaranteed values” (cf. [39]).

8
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a) The layer decomposition of (G, φ) is a disjoint partition of the vertex
set V into sets L1 , . . . , Lr , which are recursively defined as follows:
• L1 is the set of vertices on the exterior face of G.
S
• Li is the set of vertices on the exterior face of G[V − i−1
j=1 Lj ] for all
i = 2, . . . r.
We will denote the layer decomposition of (G, φ) by
L(G, φ) := (L1 , . . . , Lr ).
b) The set Li is called the ith layer of (G, φ).
c) The (uniquely defined) number r of different layers is called the outerplanarity of (G, φ), denoted by out(G, φ) := r.
d) We define out(G) to be the smallest outerplanarity possible among all
plane embeddings, i.e., minimizing over all plane embeddings φ of G we
set
out(G) := min out(G, φ).
φ

Due to technical reasons, for a layer-decomposition L(G, φ) := (L1 , . . . , Lr ),
we set Li := ∅ for all indices i < 1 and i > r.
Computing the layers of a plane graph can be done efficiently: 8
Proposition 5 Let (G = (V, E), φ) be a plane graph. The layer decomposition
L(G, φ) = (L1 , . . . , Lr ) can be computed in time O(|V |).
3.3 Algorithms based on separators in graphs
One of the most useful algorithmic techniques for solving computational problems is divide-and-conquer. To apply this method to planar graphs, we need
graph separators and related notions.
To simplify notation, we write A + B for the disjoint union of two sets A
and B. Graph separators are defined as follows.
Definition 6 Let G = (V, E) be an undirected graph. A separator S ⊆ V
of G partitions V into two sets A1 and A2 such that
• V = A1 + S + A2 and
• no edge joins vertices in A1 and A2 .
The triple (A1 , S, A2 ) is called a separation of G, and the graphs G[Ai ] are
called the graph chunks of the separation. Given a separation (A1 , S, A2 ), we
use the shorthands δAi := Ai + S for i = 1, 2.
8

For a detailed description of the algorithm, see [2, Section 2.3].
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In general, A1 , A2 , and S will be non-empty. In order to cover boundary cases
in some considerations below, we did not put this into the separator definition.
We will also consider X-Y -separators with X, Y ⊆ V : such a separator cuts
every path from X to Y in G.
Already Lipton and Tarjan [37,38] used their famous√separator theorem in
order to design algorithms with running time of O(c n ) for certain planar
graph problems, e.g., for glueable graph problems (for a formal definition
see [6]). This naturally implies that, in the case of parameterized planar graph
problems
for which a linear kernel is known, algorithms with running time
√
O(c k + TK (n, k)) can be derived, where TK (n, k) is the time to construct the
problem kernel of an n-vertex input graph. As worked out in [6], it is possible
to get an
√
√
O(21.97 dk/(1− 2/3+) + TK (n, k))
algorithm for glueable planar graph problems with problem kernel of size dk,
where  ∈ (0, 1/3) can be chosen freely. 9 Even if we can assume  = 0 (this is
feasible due √to the nice properties of vertex cover) we obtain an exponential
growth of c k with c ≈ 215.19 ≈ 37381 for planar vertex cover, where
d = 2 is known from [17,41]. As detailed in [6], we can
obtain √divide-and√
13.07 k
conquer algorithms with an exponential growth of 2
≈ 8564 k by using
separator theorems in a more clever way.
We will see algorithms with much better constants in this paper. For example, in
of PVC, we√obtain an algorithm with an exponential growth
√ the case √
2 6k
4.90 k
of 2
≈ 2
≈ 29.84 k√. This is only slightly worse than the recently
obtained upperbound of 24.5 k due to Fomin and Thilikos [26] based on a
branchwidth approach. Compared to the separator based approach, the approach pursued in this paper relies on weaker assumptions. Thus, in some
cases we may drop requirements such as linear problem kernels by replacing it with the so-called “Layerwise Separation Property,” a seemingly less
restrictive demand.

4

Phase 1: Layerwise separation

In this section, we exploit the layer-structure of a plane graph in order to
gain a “nice” separation of the graph. It is important that a “yes”-instance
(G, k) (where G is a plane graph) of the graph problem G admits a so-called
“layerwise separation” of small size. By this, we mean, roughly speaking, a
separation of the plane graph G (i.e., a collection of separators for G), such
9

The constants 1.97 and 2/3 appearing in the exponent of the running time result
√
from the best known ·-separator theorem due to Djidjev and Venkatesan [20].

10
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that each separator is contained in the union of constantly many subsequent
layers (see conditions 1 and 2 of the following definition). For (fixed-parameter)
algorithmic purposes, it will be important that the corresponding separators
are “small” (see condition 3 of the definition).
Definition 7 Let (G = (V, E), φ) be a plane graph of outerplanarity r :=
out(G, φ), and let L(G, φ) = (L1 , . . . , Lr ) be its layer decomposition. A layerwise separation of width w and size s of (G, φ) is a sequence (S1 , . . . , Sr ) of
subsets of V , with the properties that, for i = 1, . . . , r: 10
Si+(w−1)

(1) Si ⊆ j=i
Lj ,
(2) Si is an Li−1 -Li+w separator, and
P
(3) rj=1 |Sj | ≤ s.
The crucial property that makes the algorithms developed in this paper work
is what we call the “Layerwise Separation Property.”
Definition 8 A parameterized problem G for planar graphs is said to have
the Layerwise Separation Property (abbreviated by: LSP) of width w and sizefactor d if for each (G, k) ∈ G and every planar embedding φ of G, the plane
graph (G, φ) admits a layerwise separation of width w and size dk.
4.1 How can layerwise separations be obtained?
The LSP can be shown directly for many parameterized graph problems.
Example 9 (1) Consider PVC. Here, we get constants w = 2 and d = 2.
In fact, for (G, k) ∈ vertex cover (and any planar embedding φ of G)
with a “witnessing” vertex cover V 0 of size k, the sets Si := (Li ∪Li+1 )∩V 0
form a layerwise separation, given the layer decomposition L(G, φ) =
(L1 , . . . , Lr ).
(2) In [2], the non-trivial fact is proven that for PDS this property holds,
yielding constants w = 3 and d = 51. 11
Fenau and Juedes (ongoing work) have shown that all problems describable
by formulas from planar TMIN1 (as defined in [32]) satisfy LSP. This class
includes planar red-blue dominating set, face cover, and planar
edge dominating set.
10

By default, we let Si := ∅ for all i < 1 and i > r.
Note that in the case of planar dominating set a construction of this form
(i.e., obtaining the separators Si by intersecting a “witnessing” dominating set V 0
of G with a sequence of subsequent layers, e.g, Si := (Li−1 ∪ Li ∪ Li+1 ) ∩ V 0 ), does
not fulfill the conditions of a layerwise separation, since, in general, Si need not be
a separator.
11

11
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A large class of parameterized graph problems for which the LSP holds is
given whenever there exists a reduction to a linear problem kernel.
Lemma 10 Let G be a parameterized problem for planar graphs that admits
a problem kernel of size dk. Then, the parameterized problem G 0 where each
instance is replaced by its problem kernel has the LSP of width 1 and sizefactor d.
PROOF. Let (G0 , k 0 ) ∈ G 0 with k 0 ≤ dk be the problem kernel of (G, k) ∈ G,
and let L(G0 , φ0 ) = (L01 , . . . , L0r0 ) be the layer decomposition of (G0 , φ0 ) (where
since each
φ0 is any embedding). Let r0 = out(G0 , φ0 ). Observe that r0 ≤ dk
3
layer has to consist of at least 3 vertices. Then, the sequence Si := L0i for
i = 1, . . . , r0 is a layerwise separation of width 1 and size dk of (G0 , φ0 ).

Example 2 therefore immediately yields:
Example 11 (1) PVC has the LSP of width 1 and size-factor 2 (which is
even better than what was shown in Example 9).
(2) PIS has the LSP of width 1 and size-factor 4 on the set of reduced instances.
(3) PIS has the LSP of width 1 and size-factor 335. Observe that these bounds
are worse than the one mentioned in Example 9, since it is the size-factor
that mainly influences the running time of our algorithms.

4.2 What are layerwise separations good for?
From a layerwise separation of small size (say bounded by O(k)), we √are
able to choose a set of separators such that their size is bounded by O( k)
and—at the same time—the subgraphs into which√these separators cut the
original graph have outerplanarity bounded by O( k). In order to formalize
such a choice of separators from a layerwise separation, we give the following
definition.
Definition 12 Let (G = (V, E), φ) be a plane graph with layer decomposition
L(G, φ) = (L1 , . . . , Lr ). A partial layerwise separation of width w is a sequence
S = (S1 , . . . , Sq ) such that there exist i0 = 1 < i1 < . . . < iq < r = iq+1 such
that for i = 1, . . . , q: 12
Si

+(w−1)

j
L` ,
(1) Sj ⊆ `=i
j
(2) ij + w ≤ ij+1 (so, the sets in S are pairwise disjoint) and

12

Again, by default, we set Si := ∅ for i < 1 and i > q.

12
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(3) Sj is a Lij −1 -Lij +w separator.
The sequence CS = (G0 , . . . , Gq ) with
ij+1 +(w−1)

Gj := G[(

[

`=ij

L` ) − (Sj ∪ Sj+1 )],

j = 0, . . . , q,

is called the sequence of graph chunks obtained by S.
With this definition at hand, we can state the key result needed to establish the
algorithms that will be presented in Section 5. The proof techniques applied
show some similarity to Baker [10].
Proposition 13 Let (G = (V, E), φ) be a plane graph that admits a layerwise
separation of width w and size dk. Then, for every ψ ∈ R+ , there exists a
partial layerwise separation S(ψ) of width w such that
√
P
(1) S∈S(ψ) |S| ≤ ψ dk and 13
√
(2) out(H) ≤ ψdk + w for each graph chunk H in CS(ψ) .

√
Moreover, there is an algorithm with running time O( kn) which, for a given ψ,
• recognizes whether (G, φ) admits a layerwise separation of width w and
size dk and, if so, computes S(ψ);
• computes a partial layerwise separation of width w that fulfills the conditions above.

PROOF. For m = 1, . . . , w, consider the integer sequences Im = (m +
br/wc−1
and the corresponding sequences of separators Sm = (Si )i∈Im . Note
jw)j=0
that each Sm is a sequence of pairwise disjoint separators. Since (S1 , . . . , Sr ) is
a layerwise separation of size dk, this implies that there exists a 1 ≤ m0 ≤ w
with
X
dk
|Si | ≤
.
(1)
w
i∈Im0
√
For a given ψ, let s := ψ dk. Define S(ψ) to be the subsequence of Sm0 such
that |S| ≤ s for all S ∈ S(ψ), and |S| > s for all S ∈ Sm0 − S(ψ). This
yields condition 1. As to condition 2, suppose that S(ψ) = (Si1 , . . . , Siq ). How
many layers are two separators Sij and Sij+1 apart? Herefore, note that the
number of separators in Sm0 that appear between Sij and Sij+1 is (ij+1 −ij )/w.
Since all of these separators have size greater than s, their number√has to be
bounded by dk/ws, see Equation (1). Therefore, we get ij+1 − ij ≤ dk/ψ for
13

Taking

P

instead of max here is a proposal of Kanj and Perkovič, compare [7,31].

13
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all j = 1, . . . , q − 1. Hence, the chunks G[(
√
outerplanarity at most dk/ψ + w.

Sij+1 +w−1
`=ij

L` ) − (Sij ∪ Sij+1 )] have

The algorithm that computes a partial
√ layerwise separation S̃ proceeds as
follows: For given ψ, compute s := ψ dk. Then, for j = 1, . . . , r − w, one
checks whether the graph G̃j (vs , vt ) admits a vs -vt –separator S̃j of size at
Sj+(w−1)
most s. Here, G̃j (vs , vt ) is the graph G[ `=j
L` ] with two further vertices
vs and vt and edges from vs to all vertices in Lj and from vt to all vertices in
Lj+w−1 . The separator S̃j can be computed in time O(s · n) using techniques
based on maximum flow (see [30] for details).
Let S̃ = (S̃1 , . . . , S̃q ) be the sequence of all separators of size at most s found
Sij +(w−1)
in this manner. 14 Suppose that S̃j ⊆ `=i
L` for some indices 1 ≤ i1 <
j
. . . < iq ≤ r. Note that,
by
the
arguments
given
above,
no two such separators
√
can be more√than dk/ψ layers apart. Hence, if there was a j0 such that
ij0 +1 − ij0 > dk/ψ, the algorithms exits and returns “no.” Otherwise, S̃ is a
partial layerwise separation of width w.

In what follows, the positive real number ψ of Proposition 13 is also called
trade-off parameter. This is because it allows us to optimize the trade-off
between outerplanarity and separator size.
Proposition
13 will help construct a tree decomposition of treewidth tw(G) =
√
O( k), assuming that a layerwise separation of some constant width and
size dk exists. Hence, for graph problems fulfilling this assumption and, moreover, allowing a σ tw(G) n time algorithm for constant σ when the graph is given
together with
√ a tree decomposition, we obtain a solving algorithm with running time c k n. This aspect will be outlined in Subsection 5.1.

5

Phase 2: Algorithms on layerwisely separated graphs

After
√ Phase 1, we are left with a set of disjoint (layerwise) separators of size
O( k) separating the√graph in components, each of which having outerplanarity bounded by O(√ k). We now present two different ways how to obtain,
in a second phase, a c k -algorithm that makes use of this separation. In both
cases, there is the trade-off parameter ψ from Proposition 13 that can be used
to optimize the running time of the resulting algorithms.
14

Possibly, the separators S̃j in S̃ found by the algorithm may differ from the
separators in S(ψ).

14
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5.1 Using tree decompositions

We use the concept of tree decompositions as, e.g., described in [13,34] (also cf.
Subsection 3.2). We show how the existence of a layerwise separation of small
size helps to constructively obtain a tree decomposition of small width. The
following result can be found in [36, Table 2, page 550] or [14, Theorem 83].
The corresponding algorithm is outlined in [2].
Proposition 14 For a plane graph (G, φ), we have tw(G) ≤ 3 · out(G) − 1.
Such a tree decomposition can be found in O(out(G) · n) time.
With this proposition at hand, we can prove our central result in this context.
Theorem 15 Let (G, φ) be a plane graph that admits
√ a layerwise separation
of width w and size dk. Then, we have tw(G) ≤ 2 3dk + (3w − 1).
Such a tree decomposition can be computed in time O(k 3/2 n).

PROOF. By Proposition 13, for each ψ ∈ R+ , there exists a partial layerwise
separation S(ψ) = (S1 , . . . , Sq ) of width w with corresponding graph√chunks
√
P
CS(ψ) = (G0 , . . . , Gq ), such that S∈S(ψ) |S| ≤ ψ dk and out(Gi ) ≤ ψdk + w
for all i = 0, . . . , q. The algorithm that constructs a tree decomposition Xψ is
given as follows:
• Construct a tree decomposition Xi of width at most 3 out(Gi )−1 for each
of the graphs Gi (using the algorithm from Proposition 14).
• Add Si and Si+1 to every bag in Xi (i = 0, . . . , q).
• Let Ti be the tree of Xi . Then, successively add an arbitrary connection
between the trees Ti and Ti+1 in order to obtain a tree T .
It is easy to show (see [1, Proposition 4]) that the tree T , together with the
constructed bags, gives a tree decomposition of G. Clearly, its width tw(Xψ )
is upperbounded by

tw(Xψ ) ≤
≤

X

S∈S(ψ)

|S| + max tw(Gi )

X

S∈S(ψ)

|S| + 3( max out(Gi )) − 1

i=0,...,q

i=0,...,q

√
≤ (ψ + 3/ψ) dk + (3w − 1).

This upper bound is minimized for ψ =
15

√

3.
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By [9, Proposition
4.5], a graph G that has no Kh minor has treewidth bounded
√
3/2
n. In particular,
this implies that a planar graph has treewidth
by h
√
bounded by 11.2 n. In the case of the existence of linear problem kernels
for
√ a given graph problem G, this method might be used in order to obtain
c k -algorithms. From our results, we can derive upper bounds of the treewidth
of a planar graph in terms of several graph specific numbers. As the reader
may verify, these problem-specific treewidth bounds tend to outperform the
numbers obtainable via [9, Proposition 4.5]. For example, Theorem 15 and
Example 9 imply the following inequalities for a planar graph G, relating the
treewidth with the vertex cover and dominating set number:
q

tw(G) ≤ 2 6 vc(G) + 5,
q

and

tw(G) ≤ 6 17 ds(G) + 8.
Note that for general graphs, no relation of the form
tw(G) ≤ f (ds(G))

(2)

(for any function f ) holds; consider, e.g., the clique Kn with n vertices, where
tw(Kn ) = n − 1, but ds(Kn ) = 1. Fomin and Thilikos have recently shown
[27] that Eq. (2) holds for a graph G iff G has bounded local treewidth. For
VC, only the linear relation
tw(G) ≤ vc(G)
can be easily shown: Note that the complement of a vertex cover set C forms
an independent set I in G. Hence, we can easily construct even a path decomposition by choosing |I| bags and making each bag consist of all vertices
of C and exactly one element from I each time. This estimate is sharp (which
becomes clear by, again, considering the graph Kn , where vc(Kn ) = n − 1).
Theorem 15 yields a c

√

k

-algorithm for certain graph problems:

Theorem 16 Let G be a parameterized problem for planar graphs. Suppose
that
(1) G has the LSP of width w and size-factor d, and
(2) there exists a time σ ` n algorithm that decides (G, k) ∈ G, if G is given
together with a tree decomposition of width `.
3w−1
Then, there is an algorithm
· 2θ1 (σ,d)
√ to decide (G, k) ∈ G in time O(σ
where θ1 (σ, d) = 2(log σ) 3d.

16

√
k

n),
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PROOF. Given an instance (G, k), in linear time we can√compute some planar embedding φ of G (for details see [18]). In time O( kn) (see Proposition 13), we can check whether the plane graph (G, φ) admits a layerwise
separation of width w and size dk.
If so, the
√ algorithm of Theorem 15 computes a tree decomposition of width at
most 2 3dk + (3w − 1), and we can decide
(G, k) ∈ G by using the given tree
√
2 3dk+(3w−1)
decomposition algorithm in time O(σ
n).
If (G, φ) does not admit such a layerwise separation, we know that (G, k) ∈
/ G,
by definition of the LSP.
Example 17 Going back to our running examples, it is well-known that vertex cover and independent set admit such a tree decomposition based
algorithm with σ = 2 and, in the case of dominating set, with σ = 4, as
detailed in [2].
√

(1) For PVS, by Example 11.1 Theorem 16 guarantees an O(22 6k n) algorithm for this problem.
√
(2) For PIS, Example 11.2 and Theorem 16 yield an O(24 3k n) algorithm.
(3) By Example 9.2,√ Theorem 16 improves
on the result from [2] (where
√
6 34k
69.98 k
we got
an O(4
n)√ ≈ O(2
n) algorithm), namely, getting an
√
6 17k
49.48 k
O(4
n) ≈ O(2
n) algorithm for planar dominating set.
In this subsection, we have seen that, for plane graphs, the notion of the
LSP gives us a sufficient condition to upperbound the treewidth of the “yes”instance graphs of a problem. Moreover, this property led to fast computations
of the corresponding tree decompositions.
All in all, we came up with algo√
k
rithms of running time O(c n) for a wide class of problems.
The next subsection aims to show similar results in a different context.
5.2 Using bounded outerplanarity
We now turn our attention to certain parameterized graph problems for which
we know that a solving algorithm of linear running time on the class of graphs
of bounded outerplanarity exists. This issue was addressed in [10]; several
examples can be found therein. In this subsection, we introduce the so-called
“select&verify” problems
and examine how, in this context, the notion of the
√
LSP will lead to c k -algorithms. Since this will be a purely separator based
approach, we will restrict ourselves to parameterized graph problems that can
be solved easily on separated graphs. We will introduce the notion of weakly
glueable
select&verify problems in a first paragraph and present the design of
√
k
c -algorithms for these problems afterwards (see Paragraph 5.2.2).
17
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5.2.1 Select&verify problems and weak glueability
For the approach outlined in this section, we want to describe necessary properties for graph problems that allow for separator based algorithms. The notion
of select&verify graph problems as introduced in the next paragraph is exactly
the same as in [6]. There, one also finds the more restrictive concept of “glueability,” which is a property tailored for divide-and-conquer algorithms using
graph separators. In our setting, however, we are interested in an iterative
dynamic programming approach for which a weaker form of “glueability” is
sufficient.

Select&verify graph problems
Definition 18 A set G of tuples (G, k), G an undirected graph with vertex set
V = {v1 , . . . , vn } and k a positive real number, is called a select&verify (graph)
problem if there exists a pair (P· , opt) with opt ∈ {min, max}, such that P·
is a function that assigns to G a polynomial time computable function of the
form PG = PGsel + PGver , where PGsel : {0, 1}n → R+ , PGver : {0, 1}n → {0, ±∞},
and


 opt
x) ≤ k if opt = min
~
x∈{0,1}n PG (~
(G, k) ∈ G ⇔

 opt
x) ≥ k if opt = max .
~
x∈{0,1}n PG (~

For ~x = (x1 , . . . , xn ) ∈ {0, 1}n with PG (~x) ≤ k if opt = min and with PG (~x) ≥
k if opt = max, the vertex set selected by ~x and verified by PG is {vi ∈ V |
xi = 1, 1 ≤ i ≤ n}. A vector ~x is called admissible if PGver (~x) = 0.

The intuition behind the term P· = P· sel + P·ver is that the “selecting function”
P· sel counts the size of the selected set of vertices and the “verifying function”
P·ver verifies whether this choice of vertices is an admissible solution.
Observe that every select&verify graph problem that additionally admits a
problem kernel of size p(k) is solvable in time O(2p(k) p(k) + TK (n, k)).
Example 19 We now give some examples for select&verify problems by specifying the function PG = PGsel +PGver . In all cases below, the “selecting function”
PG for a graph G = (V, E) will be
PGsel =

X

xi .

vi ∈V

Also, we use the convention that 0 · (±∞) = 0.
(1) In the case of Vertex cover, we have opt = min and choose
PGver (~x) =

X

{vi ,vj }∈E

18

∞ · (1 − xi )(1 − xj ),
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where this sum brings PG (~x) to infinity whenever there is an uncovered
edge. In addition, PG (~x) ≤ k then guarantees a vertex cover set of size at
most k. Clearly, PG is polynomial time computable.
(2) Similarly, in the case of independent set, let opt = max and choose
PGver (~x) =

X

{vi ,vj }∈E

(−∞) · xi · xj .

(3) Dominating set is another example for a select&verify graph problem.
Here, for G = (V, E), we have
PGver (~x) =

X

vi ∈V

(∞ · (1 − xi ) ·

Y

{vi ,vj }∈E

(1 − xj )),

where this sum brings PG (~x) to infinity whenever there is a non-dominated
vertex which is not in the selected dominating set. In addition, PG (~x) ≤ k
then guarantees a dominating set of size at most k.
(4) Similar observations as for vertex cover, independent set, and
dominating set do hold for many other graph problems and, in particular, weighted variants of these. 15 As a source of problems, consider
the variants of dominating set listed in [46]. In particular, the total
dominating set problem is defined by
PGver (~x) =

X

vi ∈V

(∞ ·

Y

{vi ,vj }∈E

(1 − xj )).

Moreover, graph problems where a small (or large) edge set is sought for can
often be reformulated into vertex set optimization problems by introducing
an additional artificial vertex on each edge of the original graph. In this way,
the edge dominating set [47] problem can be handled. Similarly, planar
graph problems where a small (or large) face set is looked for are expressible
as select&verify problems of the dual graphs.
We will also need a notion of select&verify problems where the “selecting
function” and the “verifying function” operate on a subgraph of the given
graph.
Definition 20 Let P· = P· sel + P·ver be the function of a select&verify problem. For an n-vertex graph G and subgraphs Gver = (V ver , E ver ), Gsel =
(V sel , E sel ) ⊆ G, we let
PGver (~x | Gsel ) := PGver
x)) + PGsel
x)),
ver (πV ver (~
sel (πV sel (~
where πV 0 is the projection of the vector ~x ∈ {0, 1}n to the variables corresponding to the vertices in V 0 .
15

In the
Pweighted case, one typically chooses a “selecting function” of the form
= vi ∈V αi xi , where αi is the weight of the vertex vi .

PGsel

19
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Weakly glueable graph problems
We will solve graph problems, slicing the given graph into small pieces with
the help of small separators. Within these separators, the basic strategy will
be to test all possible assignments of the vertices. The separators will serve
as boundaries between the different graph chunks into which the graph is
split. For each possible assignment of the vertices in the separators, we want
to—independently—solve the corresponding problems on the graph chunks
and then reconstruct a solution for the whole graph by “gluing” together the
solutions for the graph chunks. Therefore, all additional information necessary
for solving the subproblems correctly has to be transported and coded within
the separators. It turns out that the information to be passed on is pretty clear
in the case of the vertex cover problem, but it is much more involved in
the case of the dominating set problem and many others. This is the basic
motivation for the formal framework we develop here. We need to assign colors
to the separator vertices in the course of the algorithm. Hence, our algorithm
has to be designed in such a manner that it can also cope with colored graphs,
even though the original problem may have been a problem on non-colored
graphs. In general (e.g., in the case of the dominating set problem), it is not
sufficient to simply use the two colors 1 (for encoding “in the selected set”)
and 0 (for “not in the selected set”).
Definition 21 Let G = (V, E) be an undirected graph and let C0 , C1 be finite,
disjoint sets. A C0 -C1 -coloring of G is a function χ : V → C0 + C1 + {#}. 16
A C0 -C1 -coloring with C0 = {0} and C1 = {1} is called a 0-1-coloring.
For a C0 -C1 -coloring χ, the corresponding 0-1-coloring χ̂ is given by
χ̂(v) =



i


#

if χ(i) ∈ Ci ,

i = 0, 1,

otherwise.

For V 0 ⊆ V , a function χ : V 0 → C0 + C1 can naturally be extended to a
C0 -C1 -coloring of G by setting χ(v) = # for all v ∈ V \ V 0 .
Definition 22 For two 0-1-colorings χ1 , χ2 : V → {0, 1, #} with χ−1
1 ({0, 1})∩
({0,
1})
=
∅,
the
sum
χ
+
χ
is
defined
by
χ−1
1
2
2




χ1 (v)




if χ1 (v) 6= #,

(χ1 + χ2 )(v) =  χ2 (v) if χ2 (v) 6= #,




#

otherwise.

Definition 23 Consider an instance (G, k) of a select&verify problem G and
16

The symbol # will be used for the undefined (i.e., not yet defined) color.
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a vector ~x ∈ {0, 1}n with n = |V (G)|. Let χ be a 0-1-coloring of G. Then, ~x
is consistent with χ, written ~x ∼ χ, if
χ(vj ) = i ⇒ xj = i,

for i = 0, 1, j = 1, . . . , n.

We now provide the central notion of “weakly glueable” select&verify problems, a weaker form of the glueability concept as introduced in [6]. We apply
this rather abstract notion to concrete graph problems afterwards.
Definition 24 A select&verify problem G given by (P· , opt) is weakly glueable
with λ colors if there exist
• a color set C := C0 + C1 + {#} with |C0 + C1 | = λ, and
• a polynomial time computable function h : (R+ ∪{±∞})3 → R+ ∪{±∞};
and, for every n-vertex graph G = (V, E) and subgraphs G sel , Gver ⊆ G with a
separation (A1 , S, A2 ) of Gver , we find, for each coloring χ : S → C0 + C1 ,
• subgraphs G(Ai , χ) of Gver with Gver [Ai ] ⊆ G(Ai , χ) ⊆ Gver [δAi ] for i =
1, 2,
• subgraphs G(S, χ) of Gver with G(S, χ) ⊆ Gver [S]
such that, for each 0-1-coloring µ : V → {0, 1, #} with µ |S ≡ #, we have




opt ~x∈{0,1}n PGver (~x | G sel ) = optχ:S→C0 + C1 h EvalA1 (χ), EvalS (χ), EvalA2 (χ) .
~
x∼µ

(3)

Here, EvalX (·) for X ∈ {A1 , S, A2 } is of the form
EvalX (χ)

=

opt ~x∈{0,1}n PG(X,χ) (~x | G[X] ∩ G sel ).
~
x∼(µ+χ̂)

Example 25 We give some examples of weakly glueable problems, where —
for the time being—we restrict ourselves to the case where Gver = G sel = G.
The subtlety of allowing different subgraphs Gver , G sel in the definition above
is due to technical reasons that become clear later. All examples generalize in
a straight-forward way to this case.
(1) Vertex cover is weakly glueable with λ = 2 colors. We use the color
sets Ci := {i} for i = 0, 1. The function h is h(x, y, z) = x + y + z. The
subgraphs G(X, χ) for X ∈ {A1 , S, A2 } and χ : S → C0 + C1 are
G(Ai , χ) := G[Ai ∪ χ−1 (0)] for i = 1, 2,
G(S, χ) := G[S].

and

The subroutine EvalS (χ) checks if the coloring χ yields a vertex cover
on G[S] and the subroutines EvalAi (χ) compute the minimum size vertex
21
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cover on G[Ai ] under the constraint that all neighbors in Ai of a vertex
in χ−1 (0) are covered. Obviously, Eq. (3) is thus satisfied.
(2) Similarly, Independent set is weakly glueable with 2 colors.
(3) Dominating set is weakly glueable with λ = 4 colors, using C0 :=
{0A1 , 0A2 , 0S } and C1 := {1}. The semantics of these colors is as follows.
Assigning the color 0X , for X ∈ {A1 , S, A2 }, to vertices in a separation
(A1 , S, A2 ) means that the vertex is not in the dominating set and will be
dominated by a vertex from X. Color 1 means that the vertex belongs to
the dominating set. We set h(x, y, z) = x + y + z. For a given coloring
χ : S → C0 + C1 , we define
G(Ai , χ) := G[Ai ∪ χ−1 ({1, 0Ai })]
G(S, χ) := G[χ−1 ({1, 0S })].
In this way, color information is passed to the subproblems. EvalS (χ)
checks whether the assignments of the color 0S are correct (i.e., whether
all vertices assigned 0S are dominated by a vertex from S). Also, EvalAi
returns the size of a minimum dominating set in Ai under the constraint
that some vertices in δAi still need to be dominated (namely, the vertices
in χ−1 (0Ai )) and some vertices in δAi can already be assumed to be in
the dominating set (namely, the vertices in χ−1 (1)). With these settings,
Eq. (3) is satisfied.
We want to mention in passing that—besides the problems given here—many
more select&verify problems are weakly glueable. In particular this is true for
the weighted versions and variations of the above mentioned problems. Note
that, e.g., total dominating set is an example of a graph problem where
a color set C1 of more than one color is needed.

5.2.2 The algorithm
Similar to Theorem 16, which is based on tree decompositions, we construct
a partial layerwise separation S(ψ) with optimally adapted trade-off parameter ψ to guarantee an efficient dynamic programming algorithm. However, for
our purposes here, we need to be able to deal with “precolored” graphs.
Definition 26 Let G be a select&verify graph problem defined by (P· , opt).
The problem constraint G then is to determine, for an n-vertex graph G =
(V, E), two subgraphs G sel , Gver ⊆ G, and a given 0-1-coloring χ : V →
{0, 1, #}, the value
opt ~x∈{0,1}n PGver (~x | G sel ).
~
x∼χ

Theorem 27 Let G be a select&verify problem for planar graphs. Suppose
that
22
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Fig. 2. Dynamic programming on layerwisely separated graph.

(1) G has the LSP of width w and size-factor d,
(2) G is weakly glueable with λ colors, and
(3) there exists an algorithm that solves the problem constraint G for a
given graph G in time τ out(G) n.
Then, there is an algorithm
to decide (G, k) ∈ G in time O(τ w · 2θ2 (λ,τ,d)
q
where θ2 (λ, τ, d) = 2 d log(λ) log(τ ).

√

k

n),

PROOF. Let us first sketch the overall structure of the algorithm.
(1) Compute some planar embedding φ of G, and find a “suitable” partial
layerwise separation (S1 , . . . , Sq ) for the plane graph (G, φ). A coarse
sketch of the such obtained graph structure is depicted in Figure 2.
(2) By using dynamic programming techniques, an optimal solution is found
by sweeping over the graph from left to right, as illustrated in Figure 2.
More detailed, we do the following:
(a) For all possible “colorings” of S1 , find an optimal solution of constraint G on G0 (plus suitably chosen precolored vertices from S1 );
store the obtained optima in a (large) table belonging to S1 .
(b) For j := 2 to q do:
• For all possible “colorings” of Sj−1 and of Sj , find an optimal
solution of constraint G on Gj−1 (plus suitably chosen precolored vertices from Sj−1 as well as of Sj ).
• Store the obtained optima (for the subgraph of G with vertices
from G0 through Gj−1 and S1 through Sj ) in a table belonging
to Sj .
• (For reasons of space efficiency, you might now forget about the
table belonging to Sj−1 .)
(c) For all possible “colorings” of Sq , find an optimal solution of constraint G on Gq (plus suitably chosen precolored vertices from Sq );
store the obtained optima in a (large) table belonging to Sq .
(d) From the table pertaining to Sq , the desired optimum is found.
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We are now giving formal details of the sketched algorithms, thereby proving
its correctness. Suppose G is defined by (P· , opt).
Step 1: Given an instance (G, k), in linear time we can compute some planar
embedding φ of G (see [18]). Compute a partial layerwise separation S(ψ) (ψ
will be determined later) for (G, φ), using Proposition 13 and the assumption 1
(LSP). Suppose S(ψ) = (S1 , . . . , Sq ) and let CS(ψ) = (G0 , . . . , Gq ) denote the
corresponding graph-chunks cut out by S(ψ).
For every separator Si , we get a separation of the form
(i)

(i)

(Aout , Si , Ain ),
(i)

(i)

where Aout , and Ain , respectively, are the vertices of the graph chunks of
lower order layers, and higher order layers, respectively. By default, we let
S0 = Sq+1 = ∅ such that the corresponding separations are (∅, S0 , V ) and
(V, Sq+1 , ∅), respectively.
(i)
(i)
The layerwise separation and the separations (Aout , Si , Ain ) are illustrated in
Figure 2.
Step 2: Determine the value
opt~x∈{0,1}n PG (~x).
This can be done by a dynamic programming approach that makes use of the
weak glueability of G as follows.
We successively compute, for i = 1, . . . , q + 1, the values
M (i) (µ(i) )

opt~x∼µc
PHiver (µ(i) ) (~x | Hisel )
(i)

:=

(4)

for all C0 -C1 -colorings µ(i) : Si → C0 + C1 , where
(i)

(i)

Hiver (µ(i) ) := G(Aout , µ(i) ) and Hisel := G[Aout ].
Note that we have
opt~x∈{0,1}n PG (~x) = M (q+1) (µ),
(q+1)

sel
for the empty map µ : Sq+1 = ∅ → C0 + C1 , because Hq+1
= G[Aout ] =
ver
sel
ver
G[V ] = G and Hq+1 (µ) = G (since Hq+1 ⊆ Hq+1 (µ)).

The computation of M (i) (µ(i) ) as defined in (4) can be done iteratively. To do
so, note that Hiver (µ(i) ) is separated by Si−1 in
(i−1)

(i−1)

(Bout , Si−1 , Bin
24

),
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(i−1)

(i−1)

(i−1)

where Bout = Aout and Bin
of weak glueability we have

(i−1)

= Ain

∩ V (Hiver (µ(i) )). Hence, by definition

M (i) (µ(i) ) = optµ(i−1) :Si−1 →C0 +C1

h(EvalB (i−1) (µ(i−1) ), EvalSi−1 (µ(i−1) ), EvalB (i−1) (µ(i−1) )), (5)
out

in

where
EvalX (µ(i−1) ) = opt~x∼(µ\
PG(X,µ(i−1) ) (~x | G[X] ∩ Hisel ).
c
(i−1) +µ
(i) )

(6)

(i) denotes the 0-1-coloring
for X ∈ {Bout , Si−1 , Bin }. Here, recall that µd
(i)
corresponding to µ . In particular, for the different choices of X, we get the
following.
(i−1)

(i−1)

(i−1)

• For X = Bout , equation (6) becomes
sel
ver (µ(i−1) ) (~
EvalB (i−1) (µ(i−1) ) = opt~x∼(µ\
PHi−1
x | Hi−1
∩ Hisel )
c
(i−1) +µ
(i) )
out

= M (i−1) (µ(i−1) ),

(7)

sel
(i) ≡ # re⊆ Hisel and since µd
where the last equation holds, since Hi−1
(i−1)
ver
stricted to G(Bout , µ(i−1) ) = Hi−1
(µ(i−1) ).
(i−1)
Hence, the value of EvalB (i−1) (µ
) is given by the previous step of the
out
iteration.
• For X = Si−1 , equation (6) becomes

EvalSi−1 (µ(i−1) ) = opt~x∼µ\
PG(Si−1 ,µ(i−1) ) (~x | G[Si−1 ])
(i−1)
= PG(Si−1 ,µ(i−1) ) (~xµ\
| G[Si−1 ]), ,
(i−1)

(8)

(i−1) .
where ~xµ\
∈ {0, 1}n is an arbitrary vector such that ~xµ\
∼ µ[
(i−1)
(i−1)

The first equation above holds, since G(Si−1 , µ(i−1) ) ⊆ G[Si−1 ] ⊆ Hisel and
(i−1)
(i) ≡ # restricted to G(S
µd
). The second equation is true since the
i−1 , µ
[
(i−1)
0-1-coloring µ
assigns color 0 or color 1 to all vertices in Si−1 , and since
(i−1)
G(Si−1 , µ
) ⊆ G[Si−1 ].
Hence, the value EvalSi−1 (µ(i−1) ) can be computed by a simple evaluation
of the function P for the given vector ~xµ\
.
(i−1)
(i−1)

• For X = Bin

, equation (6) becomes
(i−1)

EvalB (i−1) (µ(i−1) ) = opt~x∼(µ\
PG(B (i−1) ,µ(i−1) ) (~x | G[Bin
c
(i−1) +µ
(i) )
in

in

= opt~x∼(µ\
PG(µ(i) ,µ(i−1) ) (~x | Gi−1 ),
c
(i−1) +µ
(i) )
25

] ∩ Hisel )
(9)
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Fig. 3. The graph G(µ(i) , µ(i−1) ).
(i−1)

(i)

where G(µ(i) , µ(i−1) ) := G(Ain , µ(i−1) ) ∩ G(Aout , µ(i) ). This graph is illus(i−1)
trated in Figure 3. In the evaluation above we used that G[Bin ] ∩ Hisel =
(i−1)
Gi−1 and that G(Bin , µ(i−1) ) = G(µ(i) , µ(i−1) ).
Hence, the value EvalB (i−1) (µ(i−1) ) can be computed using the τ out(G) time
in
algorithm for constraint G.
Hence, plugging formulas (7), (8), and (9) in expression (5), we obtain


(i)

(i)

M (µ ) = optµ(i−1) :Si−1 →C0 +C1



h






M (i−1) (µ(i−1) )
PG(Si−1 ,µ(i−1) ) (~xµ\
| G[Si−1 ])
(i−1)
opt

\ (i)
~
x∼µ(i−1) +µc

PG(µ(i) ,µ(i−1) ) (~x | Gi−1 )




.



(10)

This evaluation is done successively for all i = 1, . . . , q + 1. By induction, one
sees that
opt~x∈{0,1}n PG (~x) = M (q+1) (µ)

can be computed in this way.

Computation time: For fixed coloring µ(i) , computing M (i) (µ(i) ) according
to equation (10) costs time
λ|Si−1 | · τ out(G[Si−1 ∪VGi−1 ∪Si ]) .
The first factor reflects the cost of computing the opt over all µ(i−1) : Si−1 →
C0 +C1 . The second factor arises by the evaluations on the graphs G(Si−1 , µ(i−1) ),
G(µ(i−1) , µ(i) ) ⊆ G[Si−1 ∪V (Gi−1 )∪Si ], where we use assumption 3 of the theorem. Thus, the running time for evaluating M (i) (µ(i) ) for all µ(i) : Si → C0 +C1
is bounded by
λ|Si | · λ|Si−1 | · τ out(G[Si−1 ∪VGi−1 ∪Si ]) .
Hence, the total running time of the algorithm is bounded by 2θ(ψ) n, where
26
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θ(ψ) ≤ log(λ)

X

i=1,...,q

√
≤ log(λ)ψ dk
= (log(λ)ψ +

|Si |

+

+

log(τ ) max out(G[Si ∪ VGi ∪ Si+1 ])
i=0,...,q

log(τ )(

log τ √
) dk
ψ

√

dk
+ w)
ψ

+

This upper bound is minimized for ψ =
q

log(τ )w
q

log(τ )/ log(λ), which gives us the

claimed value θ2 (λ, τ, d) = 2 d log(λ) log(τ ) and the constant τ w .

It remains to say for which problems there exists a solving algorithm of the
problem constraint G for a given graph G in time τ out(G) n. Baker [10]
presented several such problems G, however, the algorithms as stated there
do not cope with the constraint version of G. Often, we can adapt them quite
easily. In the case of PVS, as well as in the case of PIS, it is quite simple to
handle a “precoloring” µ : V → {0, 1, #} for a graph G = (V, E).
More formally, given an admissible 17 coloring µ, one likes to transform an
instance (G, k) to an instance (G0 , k 0 ), such that (G, k) ∈ G for some witnessing
vector ~x with ~x ∼ µ iff (G0 , k 0 ) ∈ G for some witnessing vector x~0 (without any
constraint).
For PVS, this can, e.g., be achieved by the following transformation:
G0 = G[V − (C ∪ N (µ−1 (0)))] and
k 0 = k − |µ−1 (1)| − |{v ∈ V − C | ∃u ∈ µ−1 (0) ∩ N (v)}|,
here C := µ−1 ({0, 1}) denotes the vertices that are already assigned a color. A
vertex v ∈ C, which is—by the coloring µ— assigned not to be in the vertex
cover, i.e., µ(v) = 0, forces its neighbors to be in a vertex cover. Hence, the
set N (µ−1 (0)) needs to be in any vertex cover (given by ~x) that fulfills the
constraint ~x ∼ µ. This justifies the definition of G0 . The parameter k becomes
smaller by the number of vertices which are already assigned to be in the
vertex cover, i.e., µ−1 (1), and the number of vertices that are forced to be
in the vertex cover by µ, i.e., by the number of vertices in V − C that have
a neighbor in µ−1 (0). We can apply the non-constraint algorithm to (G0 , k 0 ),
with out(G0 ) ≤ out(G). A similar observation helps deal with PIS.
Example 28 (1) For PVS, we have d = 2, w = 1 (see Example 11.1), λ = 2
(see Example 25.1), and τ = 8 (see the result of Baker [10] which can be
17

Here, admissible means that there exists a vector ~x ∈ {0, 1}n with ~x ∼ µ, such
that PGver (~x) = 0.
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adapted to the constraint case by the considerations
above) and, hence,
√
2 6k
the approach in Theorem 27 yields an O(2
n) time algorithm.
(2) Similarly, Examples 11.2, and 25.2 give d = 4, w = 1 and λ = 2 for PIS.
Since τ = 8 (see
[10] and our considerations for the constraint case), we
√
4 3k
n) time algorithm.
obtain a O(2
(3) Kanj and Perkiovič have recently shown [31] that constraint dominating set can be solved in O(27out(G) n) time, this way improving√ on Example 17.
Together with Example 9.1, Theorem 27 gives an O(36 17k n) ≈
√
O(239.21 k n) time algorithm for PDS.

5.3 Comparing the benefits of the different approaches
Which of the two approaches (presented in Subsections 5.1 and 5.2, respectively) for the algorithms on layerwisely separated graphs should be preferred?
For that purpose, let us compare the results obtained in Theorems 16 and 27.
Clearly, both results rely on the LSP assumption. Besides that, Theorem 16
requires the existence of a linear time algorithm for bounded treewidth graphs,
whereas in Theorem 27 one needs (besides the weak glueability assumption)
the existence of a linear time algorithm for graphs with bounded outerplanarity. 18 The interrelation inbetween these assumptions is given by the following observation, which is based on Proposition 14.
Lemma 29 Let G be a parameterized problem for planar graphs. Suppose that
there exists a time σ ` n algorithm that solves constraint G, when graph G is
given together with a tree decomposition of width `. Then, there is an algorithm
that solves constraint G in time τ out(G) n for τ = σ 3 .
PROOF. Applying the algorithm of Proposition 14 to input instance (G, k),
we obtain a tree decomposition of width at most 3 out(G). Then constraint
G can be solved using this tree decomposition by our assumption.
The following easy corollary helps compare the approach from Subsection 5.1
(i.e., Theorem 16) with the approach in Subsection 5.2 (i.e., Theorem 27).
18

Clearly, for both results, Theorem 16 and Theorem 27, respectively, we do not rely
on a linear time algorithm for bounded treewidth graphs, and graphs with bounded
outerplanarity,
respectively. Assuming a polynomial time algorithms is sufficient to
√
k
get a c -algorithm. The results are formulated for linear time algorithm since we
do have linear time algorithms here.
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Corollary 30 Let G be a select&verify problem for planar graphs. Suppose
that
(1) G has the LSP of width w and size-factor d,
(2) G is weakly glueable with λ colors, and
(3) there exists a time σ ` n algorithm that solves constraint G for a graph G,
if G is given together with a tree decomposition of width `.
Then, there is an algorithm
to decide (G, k) ∈ G in time O(σ 3w · 2θ3 (λ,σ,d)
q
where θ3 (λ, σ, d) = 2 3d log(λ) log(σ).

√
k

n),

The exponential factor of the algorithm in Corollary 30, i.e., θ3 (λ, σ, d), is
related to the corresponding exponent of Theorem 16, i.e., θ1 (σ, d) in the
following way:
q
q
log λ · θ1 (σ, d) = log σ · θ3 (λ, σ, d).
From this we derive that

• if λ > σ, the algorithm in Theorem 16 outperforms the result of Corollary 30,
• if λ < σ, the algorithm in Corollary 30 outperforms the result of Theorem 16.
However, in order to apply Corollary 30, we need the extra assumptions that
we have a select&verify problem which is weakly glueable and that we can
deal with the problem constraint G in the treewidth algorithm.
For our running examples PVS, PIS and PDS, it is possible to apply Corollary 30 instead of Theorem 27. We suppress details here, since both strategies
lead to the same constants (as derived in Example 28). Observe that, for
algorithmic purposes, three colors are enough in the case of PDS.
We now remark on the space consumption of the two different approaches
of Theorem 16, and Theorem 27, respectively. The tables that need to be
maintained in order to realize a treewidth based algorithm of Theorem 16 (i.e.,
the tables corresponding to the bags of the underlying tree decomposition)
have size bounded by
√
σ 2 6dk+(3w−1) .
In contrast, the analysis of the proof of Theorem 27 gives an upper bound on
the size of the tables for the dynamic programming therein. The upper bound
is given by
q
max λ|Si | ≤ λ

i=1,...,q

log(τ )dk
2 log(λ)

.

Since all our examples have the property that σ = λ, in terms of space consumption, the approach of Theorem 27 outperforms Theorem 16.
Extending our results to graph classes containing non-planar graphs
(as done in [19]) necessitates the employment of treewidth based techniques,
29
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since the “geometrical” notion of outerplanarity is bound to planar graphs.

5.4 Beyond linear kernels

This section sketches an extension of the methods presented so far.
As already mentioned after Definition 18, every select&verify problem G that
admits a linear problem kernel is solvable in time 2O(k) nO(1) . Also, the existence of a linear problem kernel implies the LSP. Assuming certain further
properties of G, we have
√ seen results which improve the running time of a
solving algorithm to 2O( k) nO(1) .
The techniques can be extended to the case where G admits a problem kernel
of size p(k). We briefly outline how, by a straightforward generalization of our
methods, the running time for solving
G can be sped up from 2O(p(k)) nO(1) (as
√
can be obtained trivially) to 2O( p(k)) nO(1) . The key tool for that purpose is
the extension of Proposition 13, which now becomes:
Proposition 31 Let (G = (V, E), φ) be a plane graph that admits a layerwise
separation of width w and size p(k). Then, for every ψ ∈ R+ , there exists a
partial layerwise separation S(ψ) of width w such that
P

q

S∈S(ψ) |S| ≤ ψ p(k) and
√
p(k)
(2) out(H) ≤ ψ + w for each graph chunk H in CS(ψ) .

(1)

q

Moreover, there is an algorithm with running time O( p(k)n) which, for a
given ψ,
• recognizes whether (G, φ) admits a layerwise separation of width w and
size p(k) and, if so, computes S(ψ);
• computes a partial layerwise separation of width w that fulfills the conditions above.
As in Section 5, the above result can be used to show similar results as those
given in Subsection 5.1 (see Theorem 16) and in Subsection 5.2 (see Theorem 27).
Note that in both theorems it would be sufficient to replace condition 1 by a
modified version of the LSP:
1’. for every (G, k) ∈ G the graph G has a layerwise separation of width w
and size p(k).
30
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Using similar arguments as in the proof of Lemma 10, having a problem kernel
0
of size p(k) implies condition 10 . on the
√ set of all problem kernels G . With this
modification—omitting details—O(c p(k) |G|) algorithms can be achieved.

6

Conclusion

This paper presents new, improved results for the fixed-parameter complexity
of planar graph problems. To some extent, this paper can be seen as the “parameterized complexity counterpart” to what was developed by Baker [10] in
the context of approximation algorithms. We describe two main ways (namely
linear problem kernels and problem-specific approaches) to achieve the novel
concept of Layerwise Separation Property, from which again,
√ two approaches
(tree decomposition and bounded outerplanarity) lead to c k -algorithms for
planar graph problems (see Figure 1 for an overview). A slight modification
of our presented techniques can be used to extend our results to parameterized problems that admit a problem kernel √
of size p(k). Then, the running
O( p(k)) O(1)
O(p(k)) O(1)
n
. It appears to be that
time can be sped up from 2
n
to 2
all FPT-problems that admit treewidth based algorithms [12,13,45,46] can be
handled by our methods.
Future research topics raised by our work include, among others,
• to further improve the (“exponential”) constants, e.g., by a further refined
and more sophisticated “layer decomposition tree”; as already mentioned in
the introduction, lots of work in this direction has been put on its way since
the conference version of this paper appeared; more specifically, for PDS
and PVC, the branchwidth
approach seems to yield slightly better constants
√
(by a factor of 3/1.5 in the exponent) than the treewidth/outerplanarity
approach; 19 and
• to investigate and extend the availability of linear problem kernels for all
kinds of planar graph problems.
Finally, a more √general question is whether there are other “problem classes”
that allow for c k fixed-parameter algorithms. Cai and Juedes [16] addressed
this issue and claimed that for a list of parameterized problems (e.g., vertex
cover on general graphs) co(k) -algorithms are impossible unless FPT = W [1].
However, a flaw was detected in their
proof [23] and it has been corrected
√
k
in [15]. Now the non-existence of c -algorithms is based on the conjecture
19

The claimed bound for PDS in the treewidth/outerplanarity approach is due
to Fernau and Juedes (ongoing work), making use of the more geometric “ring
decomposition” as opposed to layer decomposition.
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that 3-SAT cannot be solved in O(2o(n) ) time, where n denotes the number of
variables of the 3-SAT formula.
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für Informatik, Universität Tübingen (Germany). Most of the material appeared
in Journal of Computer and System Sciences, 67:808–832, 2003. Some additional
speed-up techniques were exhibited in “Graph separator algorithms: a refined
analysis”. In Proc. 28th Workshop on Graph-Theoretic Concepts in Computer
Science WG. vol. 2573 of LNCS, pp. 186–197. Springer, 2002.
[7] J. Alber, H. Fernau and R. Niedermeier. Parameterized complexity: exponential
speedup for planar graph problems. In Proc. 15th International Colloquium on
Automata, Languages and Programming ICALP, vol. 2076 of LNCS, pp. 261–
272. Springer, 2001.
[8] J. Alber, J. Gramm, and R. Niedermeier. Faster exact algorithms for hard
problems: A parameterized point of view. Discrete Mathematics, 229:3–27,
2001.

32

Journal of Algorithms, Vol. 52 Issue 1, pp. 26-56, 2004

[9] N. Alon, P. D. Seymour, and R. Thomas. A separator theorem for graphs with
an excluded minor and its applications. In Proc. 22nd ACM Symposium on the
Theory of Computing STOC, pp. 293–299, 1990.
[10] B. S. Baker. Approximation algorithms for NP-complete problems on planar
graphs. Journal of the Association for Computing Machinery, 41(1):153–180,
1994.
[11] R. Bar-Yehuda and S. Even. A local-ratio theorem for approximating the
weighted vertex cover problem. Annals of Discr. Math., 25:27–46, 1985.
[12] H. L. Bodlaender. Dynamic programming on graphs of bounded treewidth.
In Proc. 15th International Colloquium on Automata, Languages and
Programming ICALP, vol. 317 of LNCS, pp. 105–118. Springer, 1988.
[13] H. L. Bodlaender. Treewidth: Algorithmic techniques and results. In Proc. 22nd
Mathematical Foundations of Computer Science MFCS, vol. 1295 of LNCS, pp.
19–36. Springer, 1997.
[14] H. L. Bodlaender. A partial k-arboretum of graphs with bounded treewidth.
Theoretical Computer Science, 209:1–45, 1998.
[15] L. Cai and D. Juedes. On the existence of subexponential parameterized
algorithms. Journal of Computer and System Sciences, 67:789–807, 2003.
[16] L. Cai and D. Juedes. Subexponential parameterized algorithms collapse the
W-hierarchy. In Proc. 28th International Colloquium on Automata, Languages
and Programming ICALP, vol. 2076 of LNCS, pp. 273–284. Springer, 2001.
[17] J. Chen, I. Kanj, and W. Jia. Vertex cover: Further observations and further
improvements. Journal of Algorithms, 41: 280–301, 2001.
[18] N. Chiba, T. Nishizeki, S. Abe, and T. Ozawa. A linear algorithm for embedding
planar graphs using PQ-trees. Journal of Computer and System Sciences, 30:54–
76, 1985.
[19] E. D. Demaine, M. T. Hajiaghayi, and D. M. Thilikos. Exponential speedup
of fixed parameter algorithms on K3,3 -minor-free or K5 -minor-free graphs.
Technical Report MIT-LCS-TR-838, 2002. Abstract version in Proc. 13th
Annual International Symposium on Algorithms and Computation ISAAC, vol.
2518 of LNCS, pp. 262–273. Springer, 2002.
[20] H. N. Djidjev and S. Venkatesan. Reduced constants for simple cycle graph
separation. Acta Informatica, 34:231–243, 1997.
[21] R. G. Downey. Parameterized complexity for the skeptic (invited paper). In
Proc. of 18th IEEE Conference on Computational Complexity, July 2003.
[22] R. G. Downey and M. R. Fellows. Parameterized Complexity. Springer, 1999.
[23] R. G. Downey, M. R. Fellows, R. Niedermeier, and P. Rossmanith.
Parameterized complexity. Dagstuhl-Seminar-Report No. 316, August 2001.

33

Journal of Algorithms, Vol. 52 Issue 1, pp. 26-56, 2004

[24] R. G. Downey, M. R. Fellows, and U. Stege. Parameterized complexity:
A framework for systematically confronting computational intractability.
DIMACS Series in Discrete Mathematics and Theoretical Computer Science,
49:49–99, 1999.
[25] M. R. Fellows. Parameterized complexity: the main ideas and connections to
practical computing. In Experimental Algorithmics, vol. 2547 of LNCS, pp.
51–77. Springer, 2002.
[26] F. V. Fomin and D. M. Thilikos. A new upper bound on the decomposability of
planar graphs and fixed parameter algorithms. Technical report, Departament
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