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Abstract

Multicut  is a fundamental network communication and connectivity problem.

It is de ned as: given an undirected graph and a collection ofpairs of terminal

vertices, nd a minimum set of edges or vertices whose removadisconnects each
pair. We mainly focus on the case of removing vertices, wherere distinguish between
allowing or disallowing the removal of terminal vertices. Complementing and re ning

previous results from the literature, we provide several NRcompleteness and ( xed-
parameter) tractability results for restricted classes ofgraphs such as trees, interval
graphs, and graphs of bounded treewidth.
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1 Introduction

Motivation and previous results. Multicut  in graphs is a fundamental
network design problem. It models questions concerning theliability and
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1 An extended abstract of this work appears in the proceeding®f the 32nd Interna-
tional Conference on Current Trends in Theory and Practice d Computer Science
(SOFSEM 2006) [19]. Now, in particular the proof of Theorem 5has been much
simpli ed.
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robustness of computer and communication networks. Inforly speaking,

the problem is, given a graph, to determine a minimum size sef either edges
or vertices such that the deletion of this set disconnects agspeci ed set of

pairs of terminal vertices in the graph. In most cases, the problem is NP-
complete. There are many results and variants fdviulticut  and we refer to

Costa, Lletocart, and Roupin [8] for a recent survey.

The major part of the literature deals with the \edge deletimn variant" of
Multicut  (Edge Multicut ) [8,10,16,21,20]. Given a graph anch pairs of
terminal vertices, this problem is solvable in polynomialime form =1 [11]
andm = 2 [22,23]. Form 3, the problem is NP-complete [10]. The problem
remains NP-hard and MaxSNP-hard even when the input graph & star [16].

Our main focus here lies on the \vertex deletion variant” Yertex Multi-

cut ). Relatively little seems to be known forVertex Multicut problems;
we are only aware of two recent investigations [9,26]. Galescu, Fernandes,
and Reed [9] introduced two variants oVertex Multicut

Unrestricted Vertex Multicut (UVMCQC)

Input: An undirected graphG = (V; E), a collectionH of pairs of vertices
H V V,andanintegerk 0.

Task: Find a subsetV?of V with jV§ k whose removal separates each
pair of vertices inH.

The vertices appearing in the vertex pairs inH are calledterminals and,

gwoughout this paper, we useS to denote the set of terminals, i.e.S =
wvyzn T U; vg. By way of contrast, in the case oRestricted Vertex Mul-

ticut the removal of terminal vertices is not allowed.

Restricted Vertex Multicut (RVMC)

Input: An undirected graphG = (V;E), a collectionH of pairs of vertices
H V V,andanintegerk 0.

Task: Find a subsetV°of V with jV§ k that contains no terminal and
whose removal separates each pair of verticeshh

Since RVMC forbids the removal of terminals, there are insteces that have
no solution, namely when there is a path between a terminal pan H con-
sisting only of terminal vertices. As it is easy to determinavhether or not
an instance has a solution for RYMC by checking whether all tminal pairs
are disconnected after removing all nonterminal verticesye assume that all
instances under consideration allow for feasible solutisror RVMC.

RVMC is at least as hard as UVMC in general graphs and many spgatgraph
classes: From an instance of UVMC we can obtain an \equivaiénRVMC

instance by adding for each terminat a new degree-1 vertex® adjacent only
to s. Each terminal pair (s;t) is substituted by (s%t9. Then, solving RVMC



in this new instance is equivalent to solving UVMC in the orighal instance.

QGalinescu et al. [9] showed that RVMC is NP-complete in bouded-degree
trees and the \easier" UVMC is polynomially solvable in tree but becomes
NP-complete in bounded-degree graphs of treewidth two. Meover, they gave
a polynomial-time approximation scheme (PTAS) for UVMC in gaphs of
bounded treewidth. Marx [26] extends the results for UVMC (Wich he calls
Minimum Node Multicut ) by providing an O(2K 4¥° jGj°®) time algo-
rithm for UVMC in general graphs, wherek is an upper bound on the vertices
to be removed and is the number of terminal pairs. In other words, UVMC
is xed-parameter tractable (FPT) with respect to the combned parame-
ter (k; ). Because of the huge combinatorial explosion ik (and *), however,
this result is of mainly theoretical interest and improvemets are highly desir-
able. Finally, we mention in passing that Garg, Vazirani, ad Yannakakis [17]
studied the vertex deletion variant for the closely relatedMultiwvay Cut
problem.

Our results|overview. We continue and complement the work of Galinescu
et al. [9] and Marx [26] as follows: We show that the NP-compie RVMC in
trees is xed-parameter tractable with respect to the paranater k (number of
vertex deletions) with the modest running timeO(jSj? jEj + 2% ) (again, "
is the number of terminal pairs). Whereas in trees UVMC is pghomial-time
solvable but RVMC is NP-complete [9], we have the surprisingesult that
UVMC is NP-complete in interval graphs but RYMC is polynomid-time solv-
able here; interval graphs are graphs where the vertices mespond to intervals
on the real line and there is an edge corresponding to each rpaf intersect-
ing intervals [27]. More speci cally, the NP-completenessesult for UVMC
even holds in interval graphs of pathwidth four. We also strggthen the NP-
completeness result for RVMC in trees of Galinescu et al. bghowing that NP-
completeness already holds for maximum-vertex-degreele trees whereas
their result only holds for maximum vertex degree four. Not¢hat RVMC is
clearly polynomial-time solvable in paths, that is, trees wh maximum vertex
degree two. Moreover, we show that RVMC in general graphs isPhcomplete
even in case of only three terminal pairs, hence excluding exl-parameter
tractability with respect to the parameter \number of terminal pairs". By
way of contrast, we show that RVMC can be solved i®(jSj’SI*! ** 12 jVj)
time on graphs of treewidth! ; thus, RVMC is xed-parameter tractable with
respect to the combined parameter \treewidth" and \termind set size". Ob-
serve that there is no hope for xed-parameter tractabilityexclusively with
respect to either the parametejjSj or the parameter! . This xed-parameter
tractability result directly transfers to UVMC as well; indeed, it also works
for the Edge Multicut (EMC) variant (note that Bentz [1] independently
obtained the EMC xed-parameter tractability result). On t he way to show
the NP-completeness of UVMC in interval graphs, we prove th&dge Mul-



Table 1

Computational complexity of Multicut  problems for several graph classes. For the
parameters,jSj is the number of terminals, k is the number of deletions, and! is the
treewidth of the input graph. In a row with a parameter, \NP-c " implies hardness
even for some constant parameter value.

Graph class Parameter EMC UuvMC RVMC
Interval graphs NP-c [16] NP-c (Thm. 4) P (Thm. 5)
Trees NP-c [16] P [9] NP-c [9]
k FPT [20] | FPT (Thm. 2)
General graphs NP-c [10] NP-c [9] NP-c [9]
k open open open
iSj NP-c [10] FPT [26] NP-c (Thm. 6)
! NP-c [16] NP-c [9] NP-c [9]
iSj & ! FPT (Thm. 9, [1]) FPT (Cor.2) FPT (Thm. 8)

ticut is NP-complete in caterpillar graphs with maximum vertex dgree ve.

Table 1 summarizes most of the presented results.

Preliminaries. =~ We introduce some additional terminology. By default, we
consider only undirected graph§& = (V; E) without self-loops. A tree is called
caterpillar if removing its leaves gives a path. For any grapks = (V; E), we
can construct its line graph as E;ff e;;e.0 2 E j e\ & 6 ;g), that is,
the vertices in the line graph one-to-one correspond to thelges inG and
two vertices in the line graph are adjacent i their correspading edges inG
have a common endpoint. For an overview on graph classes, veder to [6].
We useG[VY to denote the subgraph ofG induced by the verticesV® V,
and V(G) to refer to the vertex setV. A set of verticesV® V is called
vertex separatorif G[V n V9 has more connected components thaG. For
a minimization problem, a feasible solution is calledninimal if it does not
contain another feasible solution as proper subset, amdinimum if there is
no other feasible solution with better measure.

Many NP-complete graph problems become easy when the inputstance
is a tree. The notiontreewidth, introduced by Robertson and Seymour [31],
tries to capture the \tree-likeness" of a graph: \tree-liké graphs have small
treewidth, and in particular, trees have treewidth one. Man in general NP-
hard graph problems can then be solved in polynomial or eveméar time
when the underlying graph has a treewidth bounded by a constg[2,3,30,32].

De nition 1 A tree decompositionof G is a pair hfX; ji 2 1g;Ti, where
eachX; is a subset ofv, called bag, and T =(I;F ) is a tree with node sel
and edge seF . The following must hold:



S

(1) i Xi=V;

(2) for every edgefu;vg 2 E, there is ani 2 | such thatfu;vg X;;

(3) forall i;j;1 2 1,if | lies on the path betweenand| in T, then X;\ X
X .

The width of hfX; ji 2 1g;Ti ismaxfjX;jji 21g 1 The treewidth of G
is the minimum width over all tree decompositions db.

A path decompositionis a tree decomposition wherd is a path; pathwidth
is de ned analogous to treewidth. For a more detailed introdction to tree
decompositions we refer to [2,3,4,25,29,30].

A tree decompositionhfX; j i 2 1g;Ti can be transformed in linear time
and without a ecting its width such that it becomes nice [25, Lemma 13.1.3].
Then the following conditions are satis ed:

(1) T is rooted;

(2) every node of the treeT has at most two children;

(3) if a nodei has two childrenj and k, then X; = X; = Xy (in this casei
is called ajoin node);

(4) if a nodei has one childj, then either
(@) jXij = jX;j+1 and X; Xi (in this casei is called anintroduce

node), or

(b) jXij=jX;j landX; X;j (inthis casei is called aforget nodg.

We investigateMulticut ~ problems in the context of parameterized complex-
ity [12,14,29].

A problem is xed-parameter tractable (FPT) with parameter k if an instance
of sizen can be solved irf (k) n°® time, wheref is a computable function
solely depending on the parametek. The idea is to restrict the seemingly
unavoidable combinatorial explosion that occurs in exactodutions to NP-hard

problems to certain, hopefully small problem parameters.

2 Trees

Unrestricted Vertex Multicut in trees is trivially solvable inO(jVj jHJ)
time [9]: Root the tree at an arbitrary vertex. Then, computethe least common
ancestors for all terminal pairs and sort these ancestors alist L (possibl
with multiple occurrences of one ancestor) by decreasingder of their depth
Finally, while L 6 ;, remove the rst element ofL and its corresponding vertex

2 The depth of a vertex in a rooted tree is the length of the path fom the root to
this vertex.



Fig. 1. An example for the reduction from Vertex Cover  to RVMC. The left gure
is a Vertex Cover instance and the right is the corresponding RVMC instance
with H = f(l1;12); (12;13); (I35 14); (143 12); (I3;15); (la; 1s)g [f (ri;@) j1 1 5g. Only
the rectangular vertices can be deleted (all others are ternmals). It is easy to see
that the graph has a size-3 vertex cover (for examplef 2; 3; 4g), and the RVMC
instance has a size-4 solution (for exampléf, p; az; az; a40).

from T and delete all separated terminal pairs frond and their least common
ancestors fromL. The solution is then the set of the removed vertices.

Qalinescu et al. [9] showed that RVMC is NP-complete in treg with maximum

vertex degree four by giving two reductions, one from 3SAT tBMC in binary

trees and one from EMC in binary trees to RVMC. It is easy to ol&ve that

RVMC on trees with maximum vertex degree two, that is, paths¢an be solved
in O(jVj jH)) time. The complexity of RYMC in trees with maximum vertex

degree three remained open. Here we close this gap by givirdjract reduction

from Vertex Cover to RVMC.

Theorem 1 Restricted Vertex Multicut in trees with maximum vertex
degree three and pathwidth two is NP-complete.

PROOF. The reduction is from the NP-completeVertex Cover prob-
lem [15], which for a graphG = (V = fvi;Vvy;:::;vhg;E) and k0 asks
whether there is a set of vertice8/° V with jV§ Kk such that for every
edgef v;wg 2 E at least one ofv andw is in V% Construct the (3n+2)-vertices
tree T = (W;F) with

W :=flj;a;rijl i ng[fp;w
and
F=ffliagfasrigjl i ng[ff rijriagjl i<ng[ff ra;pgfp; g
As the set of terminal pairsH we take for each vertexy; 2 V the pair (ri; q)

and, moreover, for each edgévi;v,g 2 E, we add (;;lj). See Fig. 1 for an
example of the construction.

It is easy to show that the Vertex Cover instance has a solution with
no more than k vertices i the constructed RVMC instance can be solved



by removing at mostk + 1 vertices. The constructed tree clearly has maxi-
mum vertex degree three and a path decomposition with pathdth equal to
two. 2

In the following, we show that RVMC in trees is xed-paramete tractable

with respect to the number of allowed vertex removal&. The basic idea is
to modify the polynomial-time algorithm for UVMC in trees [9 into a depth-

bounded search tree algorithm. This search tree algorithns ialso similar to
one for Edge Multicut in trees [20].

Theorem 2 Restricted Vertex Multicut in trees can be solved i®(jSj?
jEj+ 2% jHj) time, wherek is the number of allowed vertex removals.

PROOF. Let T = (V;E) be the input instance andS := S(U;V)ZHfu;vg the
set of terminals. The rst step is to \contract” edges with bah endpoints being
terminals: For an edgd u; vgwith u;v 2 S, we have (1;v) 2 H, since otherwise
the instance is not solvable. Delete botlm and v and the edge between them
from T; insert a new vertexw into T and setN (w) := N(u)[ N(v) nfu;vg.
Furthermore, replace eachu andv in H by w. It is easy to see that this step
does not change the solution, because neithernor v could have been taken
into a solution.

Then, the search tree algorithm proceeds as the polynomitétre algorithm
for UVMC in trees: root T in an arbitrary vertex, compute the least common
ancestors of all terminal pairs and sort them by decreasingegdth in a list L
(possibly with multiple occurrences of one ancestor). WialL 6 ;, consider
the rst element u of L, which is the least common ancestor of a terminal
pair (v;w). If uis a nonterminal, then remove it and updateL and T; oth-
erwise, there are two cases: li = v or u = w, then we delete the neighbor
of u that lies on the path fromu to w or v. This neighbor has to be a non-
terminal due to the rst step. Otherwise, we haveu 6 v andu 6 w. Then u
has two nonterminals as neighbors lying on the path betweenand w and we
branch into two cases, in each case removing one of the twogi#ors. This
case distinction is su cient, since choosing any other veex cannot separate
more pairs.

Finally, if there is a node in the search tree wheré = ; and at most k
vertices have been removed, then we have a solution. It is gde observe that
the depth of the search tree is bounded bl and its size isO(2*). At each
node of the search tree, we update the lidt, that is, delete all terminal pairs
from H which are no longer connected. Using a prepared list of paiis mark
\dead", this can be done inO(jH ) time. The initial setup takes O(jSj? jEj
time. 2



3 Interval Graphs

As described in Section 1, RVMC can be easily reduced to RVM@yoving
that RVMC is at least as hard as UVMC in general graphs and mangpecial
graph classes. However, the class of interval graphs is aception: UVMC is
NP-complete in interval graphs, while RVMC is solvable in plgnomial time.
This is possible because the described reduction from UVMG RVMC does
not preserve the property of being an interval graph.

3.1 Unrestricted Vertex Multicut in Interval Graphs.

To show the NP-completeness of UVMC in interval graphs, we st show that
Edge Multicut is NP-complete in degree-bounded caterpillars and then
reduce EMC in caterpillars to UVMC in interval graphs.

Theorem 3 Edge Multicut in caterpillars with maximum vertex degree
ve is NP-complete.

PROOF. We use a reduction from 3-SAT, which is similar to the reduatin
used to show the NP-completeness of EMC in binary trees [9, &brem 11].
Let F(Xq;X2;::05Xn) = Vj’“zl(lj;l_ li2 _ lj.3) with [ 2 Sl . ofXi;xig for 1

] mand 1 k 3. We construct a caterpillar tree as follows. First, for
every variablex;, we construct a path consisting of three vertices with the to
degree-1 vertices labeled by; and x; and add the terminal pair (x;; ;) to H.
We call the path avariable gadget

For each clausel(.1 _ I _ l;3), we construct a star with four vertices where
the three degree-1 vertices are labeled Iby, I;.», and |; 3, respectively. This
star is calledclause star The terminal pairs (Ij. 1;1;:2), (I;:1;1;:3), and (1. 2; 1j: 3)
are added toH .

Then, we add toH the terminal pairs consisting of a degree-1 vertex in the
clause stars and the corresponding degree-1 vertex in theigfle gadget, that
is, if ljx = X; (or lx = X;), then we add the pair (j ; Xi) (or (l;x;Xi)) to H.

Finally, edges are inserted between the only unlabeled vexts of the clause
stars and the variable gadgets in such a way that the resulgngraph is a
caterpillar. See Fig. 2 for an example.

structed caterpillar has a solution for EMC of size exactly + 2m, wherem
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Fig. 2. Example for the transformation of a 3-CNF formula
F(x1;X2;X3) = (X1 _ X2 _ X3) ™ (X1 _ X2 _ X3) into a caterpillar as described
in the proof of Theorem 3. The terminal pairs for the EMC instance are
H = f(Xxiixa), (X2:X2), (X3;%3), (lyailez), (lnasles), (lnzslus), (12a;122),
(I2:1512:3), (I2;2:12:3), (11,1 X1), (I1;2:X2), (11;3:%3), (1215 X1), (12;2:X2), (12;3; X3) Q.

Fig. 3. The gure on the left shows an instance of EMC, where
H = 1(3;8);(3;9); (6;9)g. The gure on the right shows the corresponding instance
(line graph) for UVMC with HP = f(ey;e7);(e2;€s); (€s; €s); (€5; €8); (e7;€8)0. In
both instances, removing the setf e;; egg yields a minimum solution.

denotes the number of clauses iR. Assuming that every clause consists of
exactly three literals,n + 2m is the lower bound for the solution size of EMC
on this caterpillar, since, in any case, we have to remove &dst one edge from
every variable gadget and at least two edges from every claustar. The claim
can be proven in a similar way as Lemma 12 in [9]: assigning Mg" to X;
corresponds to removing the edge adjacent tq, and satisfying a clause by a
literal corresponds to not deleting the corresponding edge the clause star.
The size bound e ects that an EMC solution corresponds to a lid 3-SAT
solution. 2

In the second step of our NP-completeness proof, we reduce ENh caterpil-
lars with maximum vertex degree ve to UVMC in interval graphs with path-
width four. As a rule of thumb, the natural way to reduce an edg-deletion
problem to a vertex-deletion problem is to consider line gpdns. Analogously
to Galinescu et al. [9], we construct the line graph of the darpillar.

Theorem 4 Unrestricted Vertex Multicut in interval graphs with
pathwidth at least four is NP-complete.

PROOF. Let T = (V;E) be the input caterpillar and let H be the set of
terminal pairs of the EMC instance. We construct the line grgh G = (E;E?9



of T and add for each terminal pair ¢;v) 2 H all terminal pairs (e; €) to the
set of terminal pairsH° of the UVMC instance where the edges and €° are
incident to u and v, respectively. See Fig. 3 for an example. Galinescu et al.
showed that then both instances have the same solution [9, fih 4], which
implies correctness of the above reduction.

It remains to be shown that the pathwidth of the line graphG is four. The
line graph of a caterpillar is an interval graph, since the mamal cliques of
this line graph can be linearly ordered such that for each ex v the maximal
cligues containingv occur consecutively; this is a well-known characterizatio
of interval graphs [6]. The pathwidth of an interval graph isequal to the
maximum cligue size minus one, and the maximum clique size the line
graph is equal to the maximum vertex degree of the caterpilaThus, the
interval graph has pathwidth four. 2

3.2 Restricted Vertex Multicut in Interval Graphs

By Theorem 4, UVMC is NP-complete for interval graphs even wh bounded
pathwidth. This also holds for EMC: EMC is NP-complete evenn stars [16],
which are interval graphs with pathwidth one. In contrast tothis, we now
give a polynomial-time algorithm solving RVMC in interval gaphs. For an
interval graph G = (V;E), it is well-known that an interval representation
of G can be computed inO(jVj+ JEj) time [5], where the vertices invV one-to-
one correspond to the closed intervals of the real line suchat two vertices u
andv are adjacent if and only if their corresponding intervals hae a nonempty
intersection. We assume that all intervals haveistinct integral endpoints [18],

following, we use the terms \vertex" and \interval" interchangeably.

Our algorithm works on the interval representation. Assumehat for each
pair (s;t) 2 H, interval s = [a;l is to the left of interval t = [c;d], that is,
b < c. To simplify the presentation, we introduce a point O to the éft of all
points 1;2;:::;2jVj. ForO i 2jVj 1, we useG; to denote the subgraph
of G induced by the intervals whose left endpoints are greater &m i, S; to
denote the set of terminal intervals contained inG;, and H; to denote the
set of terminal pairs inH that only contain terminal intervals from S;. By
decreasing order of, the algorithm computes the optimal solutionC; of the
RVMC instance which consists of the grapl@;, the setH; of terminal pairs,
and the terminal setSi The computation of C;, 0 i< 2jVj 1, is based
on the values ofC; with i< 2]Vj 1. When reachingGo = G, we have
the overall optimal solution Cy for G. The following pseudo-code shows the

3 Note that S; may contain some terminal intervals that do not occur in H;.

10



algorithm.

1 Cyyj 1

2 for i=2jVj 2downto O:

3 (s;t)  ([a;H;[c;d) 2 H; such that c is minimum

4 X f xjb<x<c and no terminal interval in S; contains xg
5 for each x 2 X:

6 Y the set of intervals containingx

7 Cr C[Y

8 C CX with jCXj minimum among allx 2 X

9 return Cgp

Observe that fors andt as chosen in line 3 to be separated, there must be some
point X with b < x < ¢ that contains no interval. Thus, to separates andt, we
must nd some x with b < x < ¢ that is not contained in any terminal interval
and then delete all intervals containingx. We collect the candidates foix in
line 4. When deleting the intervals inY for somex, graph G; splits into two
subgraphs: one is induced by the intervals to the left of, and the other isGy
(recall that G, contains only intervals with endpointsgreater than x). Due to
the minimality of the left endpoint c of t, there is no terminal pair contained
in the rst subgraph, and we can ignore this subgraph. Thus,dfr a choice
of x, the optimal solution for G; is of sizejY| + jCj, and we obtain C; by
minimizing over all possible values ox (line 8).

Theorem 5 Restricted Vertex Multicut in interval graphs can be solved
in O(jVj2+ jVj jHj) time.

PROOF. The correctness of the algorithm directly follows from its éscrip-
tion. Concerning the running time of the algorithm, the comptation of the
interval representation takesO(jVj + jEj) time [5]. For each of the graphsG;
with 0 [ 2n 1, the algorithm computes the optimal solutionC; by
rst nding the terminal pair ( s;t) where the left endpoint oft is the small-
est among all terminal pairs contained inH;, and, then, considering every
point x between the right endpoint ofs and the left endpoint oft. Clearly,
the computation of C; needsO(jVj+ jHj) time. Therefore, the algorithm runs
in O(jVj2 + jVj jHj) time. 2

The algorithm can be easily extended to handle weighted véses within the
same time bounds.

In the conference version of this paper [19], the proof of Them 5 was done
in a more complicated way using dynamic programming on pathedomposi-
tions. The formulation of RVMC in interval graphs as a coveng problem we
used in [19] is equivalent to theRed-Blue Set Cover  problem (introduced

11



by Carr et al. [7]) restricted to inputs with the so-called casecutive ones prop-
erty [6,28]. This means that the method described in [19] ids® capable of
solving this more general problem.

4 General Graphs and Bounded Treewidth

In this section, our main result is a xed-parameter algoribm for RVMC in
general graphs with treewidth and the number of terminals ggarameters. All
our results here refer to graphs withgiven tree decompositions. Finding such
a tree decomposition, however, is generally an NP-hard prein [4].

As shown in Theorem 1, RVMC is NP-complete for tree networksithh bounded
vertex degree and bounded pathwidth. Therefore, we cannobpe for a xed-
parameter algorithm with only treewidth or pathwidth as parameter. More-
over, in the following theorem we show that RVMC is not xed-@mrameter
tractable with respect to the number of terminals.

Theorem 6 Restricted Vertex Multicut is NP-complete if there are
at least three terminals.

PROOF. We give a reduction from EMC to RVMC that preserves the num-
ber of terminals and the number of terminal pairs. The theora follows then
from the fact that EMC is NP-complete for at least three termnals [10].

Given an EMC instance with graphG = (V;E), we construct an RVMC
instance with graphG°= (V% E9. The idea is to keep the terminals, make the
nonterminals undeletable by replicating them jEj + 1)-fold, and introduce a
vertex w, as gadget for each edge More precisely, with the terminal setS
we set

Vo= S[fujl i jEj+1;u2VnSg[fw.je2Eg:

For each edgee= fu;vg 2 E with fu;vg V nS, we add two edges u;; weg
and fvi;weg for 1 i j Ej+1to E® For an edgee = fu;vg 2 E with
exactly one of the endpoints being a terminal, say, add the edgef u; weg and
the edgesfv;;wegfor 1 i | Ej+1. For an edgee = fu;vg 2 E with two
terminals as endpoints, add two edgefau; weg and f v; weg. The set of terminal
pairs of the RVMC instance is set equal to the set of terminalagrs of the EMC
instance. Then, both instances have the same number of temais.

From a solution of the EMC instance, one can easily construeatsolution of the
same size for the RVMC instance by choosing, for each edges in the EMC

12



solution. The mapping can also be reversed, since for any opéal solution C

of the constructed RVMC instance withjCj | Ej, we haveC f weje?2

Eg. Therefore, the EMC instance can be solved bl edge removals i the
constructed RVMC instance can be solved by vertex removals, concluding
the proof. 2

Because of Theorem 6, we know that there is no hope for a xe@d@mmeter
algorithm for RVMC with respect to the single parameter \treewidth" or the
single parameter \number of terminals". In the following, ve present a xed-
parameter algorithm for RVMC with treewidth and the number of the termi-
nals as parameters. To ease the presentation, we assume thatwo terminals
are adjacent (two adjacent terminalsu; v can be replaced by a new terminal
whose neighborhood i®N (u) [ N(v) nfu;vg).

The basic idea of the xed-parameter algorithm comes from # fact that
any solution of RVMC divides the input graph into at least two connected
components such that any two terminals of an input terminal pir are not in
the same connected component. Based on this fact, the algbm consists of
two phases. The rst phase enumerates all possible partitis of the terminal
set that separate all input terminal pairs. It is easy to obs&e that there are at
most O(jSj'S!) partitions of the terminal set s[4 To check whether a partition
separates the given terminal pairs irH can be done inO(jH|) time. Then,
the running time of the rst phase isO(jSj'SI jHj).

The second phase of the algorithm, for each partition, usegrhmic program-
ming on the tree decomposition to compute the minimum numbeof vertex
removals dividing the input graph into connected componeastsuch that each
set in this partition is contained in a connected componentral no two sets
are contained in the same connected component. To simplifige presentation,
we give an equivalent formulation of the task of the second ah

Coloring Extension

Input : An undirected graphG = (V;E), a set of terminalsS V, and a

coloringLs : S! C with the colors from a setC where|Cj | Sj.

Task : Find an extensionLg : V! C|[f rgofLs wherer 2 C such that

(1) foreverys2 S, Lg(s) = Ls(S),

(2) forevery edggu;vg 2 E, eitherLg(u) = Lg(v)orLg(u) = rorLg(v) =
r, and

(3) the costjfv2 V jLg(v) = rgjis minimized.

Consider a xed partition of the terminal set such that for exh terminal

4 More precisely, this is actually the Bell number B (jSj).
5 A similar coloring problem is de ned by Erdds and Szkely [13]. Note that here
we have a di erent cost function.
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pair its two elements are in di erent sets of the partition. F we assign to all
terminals in one set of this partition the same unique colorém C, then a so-
lution of the Coloring Extension problem ensures that every path between
two terminals with di erent colors has to pass through at leat one vertexv
with Lg(v) = r. This implies that the removal of the vertices with colorr
separates the sets of the partition, which is a solution forhe RVMC prob-
lem. Minimizing the number ofr-colored vertices ensures an optimal RvMC
solution.

Theorem 7 Given an undirected graptG = (V; E) with a tree decomposition
of width !, Coloring Extension with the terminal setS V colored by
the color setC can be solved irO((jCj + 1) ** 1 2 jVj)) time.

PROOF. The algorithm works|without loss of generalitylon a nice tr ee
decompositionnX = fX;ji21g,T=(I;F )é Let T; denote the subtree off

rooted at nodei and let G; = (V;;E;j) := G[ ., X;]. Let = jCj and letr

denote the special color. The coloring db is given by the functionLs. We

seek for an extension of the colorins such that the number of the vertices
with color r is minimized.

to denote a coloring of bagX;, and the color assigned to vertex; by the
coloringf is denoted byf (x;;) for1 j  n;. Moreover, we de ne a mapping

A fepciinergh ! [flg

mum cost (that is, number of vertices with colorm) over all extensions of the
coloring Ls on the subgraphG; where X; is colored according td .

To store the mappings, for each bag, we allocate a tableA; with ( +1)™
rows. We calculate the mappings bottom-up from the leaves daf to the
root. First the mappings of the leaves are computed as follewFor all f =

(f;foriinifn)2fcy; e csrgh, we set
8
%1 if Qu 2 (S\ Xj):f(u) 6 Ls(u);
A) = 1 if 9fu;vg 2 E; :
§ f(wefwvrfuerrf(v)ér

“jffv2Vijf(v)=rgj otherwise

Since for a leafi we haveV (G;) = Xj, this accounts for allr-colored vertices
in G;j, while excluding invalid colorings. The mappings of interal nodes ofT
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are completely determined by the mappings of their childreand the edges in
the bag. We distinguish three cases.

Case 1. Forget nodes.
Let i be a forget node with childj. More precisely, Xi = fxi;;:::;Xi, @

Notethatf c2fcyc;:::;c;rg"i*t. SinceG; = G;, the correctness trivially
follows.

Case 2: Introduce nodes.

Let i be an introduce node with childj. More precisely,X; = fx,;:::;X;, 0
andX; = fxil;":;xinj Xg. Forallf 2fcp;c;:ii;c;rghandallc2fc;c;::i;c;rg,
we set
8
%1 if x2 S™ Ls(x) 6 c;
=1 if 9fx;vg2E;:f(x)6f(v)*c6r~f(v)6r,

Af 0= A +1 if o=,

" A (F) otherwise

HereG; is G; extended by the vertexx, thatis G; = (V;; E;) with V; = V, [f Xg
andE; = E; [ff x;vg2 E :v 2 Vig. A coloring candidatef  c is infeasible
when it violates the terminal coloring or colors the two endpints of a newly
introduced edge di erently without coloring one endpoint ly r. Otherwise, the
cost increases when the added vertex is anvertex, or stays the same when
it gets a color fromC.

Case 3: Join nodes.
Let i be a join node with childrenj; andj,. More preciselyX; = X;, = Xj, =

A(F) = AL(F)+ AL(E) i v2 X jT(v) = rgi

HereG; is simply the union ofG;, and G;,. The cost is then the sum of the costs
of G, and Gj,, except this counts those -colored vertices twice that occur in
both subgraphs. By property (3) of tree decompositions (Deition 1), these
are exactly ther-colored vertices inX;, so we can subtract their costs.

By property (1) of tree decompositions, for the root of T it holds that G; =
G. Therefore, when reaching, the minimum cost to color G corresponds

tions, this is in fact a valid coloring extension ol s, since every edge where
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the property of a coloring extension might be violated has le@ examined in
some bag.

The computation of A; for introduce and join nodes 2 | needsO(( +1)"
(jXij+ JEij)) time, while, for forget nodes, it needO(( +1)™*! (jXij+JEij))
time. Sincejn;j ! +1 for introduce and join nodesi and jn;j ! for forget
nodesi and | Sj, we have the claimed running time. 2

In Vertex (Weighted) Multiway Cut , We seek for a vertex subset whose
removal leaves a graph where each connected component cot#at most one
terminal. Then, we have only one possible partition of, namely, |Sj sets
each containing exactly one terminal. Thus, the algorithmigen in the proof
of Theorem 7 solve¥ertex (Weighted) Multiway Cut in the same time
bound with jCj = jS;.

Corollary 1 Vertex Multiway Cut on a graphG = (V; E) with terminal
setS and given tree decomposition of width can be solved irO((jSj+1)"' **
2 jVj) time.

Coming back to our algorithm for RVMC, the rst phase of the aborithm
enumerates all possible partitions of the terminal se$ that separate all input
terminal pairs. In the second phase, for each partition, thalgorithm colors the
terminal set according to the partition by using at mostjSj colors and, then,
calls the dynamic programming algorithm for theColoring Extension
problem. The minimum of the outputs of the dynamic programmmg algorithm
for all partitions is then the optimal solution for RVMC. By a simple traceback
phase, one can easily construct the set of the vertices to bemoved. The
theorem then follows directly from the correctness and rumng times of the
two phases. Directly multiplying the running times of both phases gives a
running time of O((jSj+1)SI*' *1 1 2 jVj). However, we can save the \+1" for
the following reason. We only neegSj colors for the partition that has exactly
one terminal in every set. For all other partitions, the dynanic programming
uses at mostjSj 1 colors. Hence, the overall running time of the algorithm
amounts to O((jSj + 1)'** 12 jVj) + (jSj’S 1) O(Sj'** 12 jVj) =
O(jSjiSi***1 12 jVj). In summary we arrive at the following main theorem.

Theorem 8 Given an undirected graptG = (V; E) with a tree decomposition
of width ! , Restricted Vertex Multicut can be solved irO(jSjiSi*! **
12 jVj) time, whereS is the terminal set.

Note that the algorithms for Corollary 1 and Theorem 8 can beasily extended
to handle weighted vertices within the same time bounds.

UVMC can be reduced to RVMC with the same number of terminalsrad the
same treewidth (Section 1). Hence, the above algorithm als@rks for UVMC.
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Corollary 2 Given an undirected graplhG = (V; E) with a tree decomposition
of width ! , Unrestricted Vertex Multicut can be solved irD(jSjiSi*! *1
12 jVj) time, whereS is the terminal set.

In fact, the same approach can also be applied to EMC. Here dloptimization

goal is to minimize the number of the \color-changing" edgesvhose endpoints
have di erent colors, while extending a coloring of the terimal set. The dy-

namic programming on the tree decomposition is almost the ise. We omit

the basically straightforward details.

Theorem 9 Given an undirected graphG = (V; E) with a tree decomposition
of width ! , Edge Multicut ~ can be solved inO(jSjiSi*' *1 12 jVj) time,
whereS is the terminal set.

Note that the xed-parameter tractability of EMC (Theorem 9) was indepen-
dently shown by Bentz [1].

5 Conclusions

We investigated the complexity of severaMulticut  problems and provided
both hardness and tractability results. In further work rehtions between undi-
rected and directed variants ofMulticut ~ were shown [24]: In patrticular,
UVMC and RVMC can be reduced to any of directed UVMC, directedRVMC,

and directed EMC by a reduction that preserves the parametédnumber of

edgel/vertex deletions".

Many open questions remain. It is open for EMC, UVMC, and RVMGn gen-
eral graphs whether they are xed-parameter tractable withrespect to the
number of deletionsk (see Table 1). Also, it would be interesting to exam-
ine complexity and algorithmic approaches for the vertexaletion Multicut
variants on other restricted graph classes such as bipasitgraphs and planar
graphs, as they were examined by Costa et al. [8] for EMC.
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